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Abstract
Determining the spin of any new particle and measuring its couplings to other particles and/or itself
are crucial in reconstructing the structure of any quantum field theory containing the particle. A gen-
eral helicity formalism is employed to describe the polarization of the particle Y in a two-body decay
X2 → Y X1 with polarized X2 for the purpose of diagnosing the dynamical properties of three involved
particles and for determining their spins altogether. We perform a general and comprehensive analytic
analysis with our special focus on grasping fully how to connect the decay helicity amplitudes and decay
distributions in the X2 rest frame and those in a laboratory frame with X2 moving with a non-zero
velocity through Wick helicity rotation on helicity states and amplitudes. This theoretical framework is
demonstrated in a detailed illustrative manner with the Standard Model (SM) processes, the sequential
process e−e+ → Z → τ−τ+ followed by τ− → ρ−ντ → (π
−π0)ντ and the sequential process e
−e+ → tt¯
followed by t → W+b → (ℓ+νℓ)b–, and one non-standard decay process of a new vectorlike heavy top
quark, T → Zt, followed by Z → ℓ−ℓ+. All the useful formulas directly applicable to any combinations
of spins and any types of couplings in the two-body decay X2 → Y X1 followed by suitable Y two-body
decays processes are collected and described in detail.
1 Introduction
Along with mass, spin is a basic invariant property that every elementary particle and any isolated object
must possess in the four-dimensional spacetime with Lorentz invariance [1]. Questions and answers about
the spin dependence of reactions therefore have played an essential role in probing the underlying theoretical
structures very deeply and therefore establishing the SM of electroweak and strong interactions in elementary
particle physics up to now [2–4].
On the high energy frontier, equipped with the Large Hadron Collider (LHC) [5], we are now probing
the electroweak (EW) scale (v = 246 GeV) and beyond intensively and extensively after having established
the SM by the decisive discovery of a Higgs boson [6, 7] followed by very precise measurements of its mass
and couplings [8, 9] and model-independent determinations of its spinless nature [10–15]. The true theory
for the origin and stability of the EW scale [16–19] beyond the SM is highly expected to be revealed with a
huge amount of accumulated data.
One generic prediction in most of new models is the presence of new particles partnered with some or
all of the SM particles. For instance, every SM particle in low-energy supersymmetry (SUSY) [20–25] has a
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heavier partner whose spin differs by 1/2 in units of ~. Alternatively, in universal extra dimension (UED)
models [26,27], each SM particle is paired with a tower of Kaluza-Klein (KK) excitations with identical spin.
Thus, model-independent determinations and detailed measurements of the spins and dynamical structures
are crucial in discriminating among new scenarios.
In the present work a general theoretical framework is presented for describing the spin and polar-angle
correlations1 in the two-stage two-body decays of a polarized state X2 of spin j2 and mass m2 into two
on-shell states, Y of spin j and mass m and X1 of spin j1 and mass m1
X2[j2,m2] → Y [j,m] +X1[j1,m1] , (1)
followed by a two-body decay of the particle Y into a particle a of spin ja and mass ma and a particle b of
spin j2 and mass mb
Y [j,m] → a[ja,ma] + b[jb,mb] , (2)
where at least the momentum of the particle a is assumed to be measurable event by event.2 For a non-zero
j2, the X2 particle is produced generally in a polarized state in its production processes, in particular, if
the interactions are parity-violating, and the polarization of the particle Y with a non-zero spin j can be
extracted (partially) through the angular distributions in its sequential decays. If the branching fractions are
sizable, then the sequential two-stage decays can provide us with a powerful tool not only for examining the
properties of the involved particles but also for determining their spins altogether, as will be demonstrated
with specific examples in the following.
When the rest frame of the decaying particle is hardly reconstructible as in pp collisions at the LHC,
the direct spin measurements are performed conventionally through a set of Lorentz-invariant masses con-
structed in sufficiently long decay chains [29–31]. Such spin-determination methods tend to rely heavily on
a number of final state spins and involved (chiral) couplings [32,33]. In this work, we will demonstrate with
several specific examples that the polar-angle correlations of the Y in the rest frame of X2 (X2RF) and one
of the Y decay products in the Y rest frame (assumed to be reconstructed at least partially) also enable us
to determine the spins and underlying dynamics decisively and clearly.
If the four-momentum of the particle Y or one of its decay products can be determined event by event
even though the momentum of the decaying parent particle X2 is not reconstructed, one natural reference
axis for describing the Y polarization is nothing but the Y flight direction in the laboratory frame (LAB),
to be called the detection axis in the following. In this situation, the most natural experimental observable
for Y decays is then the polar-angle as well as azimuthal-angle distribution of one of the Y decay products
in the Y rest frame boosted back directly along the Y momentum direction in the LAB.
Certainly, the most convenient reference system for describing the dynamics of the two-body decay
X2 → Y X1 analytically without any kinematical complications caused by boosts or rotations is the X2RF,
(often difficult or sometimes impossible to reconstruct event by event). As a result, there exists a subtle
mismatch between the transparent theoretical description in the X2RF and the direct experimental deter-
mination of spins and dynamical properties in the LAB. As worked out in detail later, the quantum state
and polarization of the particle Y in the LAB are related to those in the X2RF by several well-established
kinematical functions which fully encode the impact of the Wick helicity rotation [34], (closely related but
1Generally, azimuthal-angle correlations can be included in the analysis as well, but they involve quantum interference among
the states with different helicities and require by far more complicated kinematic reconstructions [28]. For the sake of simple
and straightforward kinematical analyses, we do not consider them here, postponing the analysis involving azimuthal-angle
correlations as our later project.
2In principle any multi-body decay modes of the particle Y can be considered for extracting the information on Y polarization.
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not identical to the Wigner rotation [1]) that is induced from two consecutive non-parallel Lorentz transfor-
mations.
The polarization parameters of Y in the X2RF are given simply by dynamical parameters such as spins,
couplings, mixing matrices and masses of the particles involved in the two-body decay. On the contrary,
the polarization parameters of Y in the LAB are connected directly to the sequential decay(s) of Y so that
they can be measured and determined directly in experiments as they often do not require the full kinematic
reconstruction of the entire event chain.
One transparent path for connecting the values of polarization parameters measured experimentally in the
LAB with the dynamical theory parameters encoded in the X2 decay amplitudes is provided by the helicity
formalism [35–37], allowing us to deal with massless and massive particles on an equal footing . Without any
specific assumptions on particle spins and masses, we provide a general spin analysis for predicting the LAB
values of the polarization parameters and comparing them directly through angular correlations. In order
to cover the case when the Y2 polar-angle is not determined event by event, we integrate the correlations
over the Y polar angle so as to derive the single polar-angle distribution of one of the Y decay products.
The single polar-angle distribution can be expressed in terms of two polarization estimator functions (PEFs)
for unpolarized X2 particles [38–41] and eight polarization estimator functions appearing with non-zero X2
polarization and accompanied by explicit trigonometric functions of the Y polar angle θ if the spin values
are restricted up to one, i.e. 0, 1/2 and 1. All of the PEFs are functions in the X2 speed β2 in the LAB and
the Y speed β in the X2RF fixed with the X1,2 and Y masses, m1,2 and m.
This paper consists of six main sections and three appendices. After this introduction part, Section 2
gives a general description of the construction of a helicity state of a particle and the transformation of its
related helicity amplitudes by Wick helicity rotation. Once we derive the Y -helicity dependent polar-angle
distribution in the X2RF by integrating the angle-dependent distribution over the Y azimuthal angle, then
we can employ a proper Wick helicity rotation to get the polar-angle distribution depending directly on
the Y helicities in the LAB. This final angular distribution to be called a Wick helicity rotation distribu-
tion function (WDF) involves only the diagonal elements of the X2 polarization density matrix after an
azimuthal-angle integration and this can be directly coupled to any polarized decay distribution of the par-
ticle Y . In order to facilitate the derivation of WDFs we introduce so-called Wick helicity rotation spectral
functions (WSFs) solely consisting of the pure kinematic elements for the Wick helicity rotation and the
explicitly angle-dependent part of the helicity amplitude in the X2RF, which plays a key role in connecting
the X2 polarization to the dynamical structure encoded in the reduced helicity amplitudes and for generating
the Y polarization density matrix. Section 3 is devoted to combining the Y density matrix encoding the
polarization-dependent angular distributions of the decay X2 → Y X1 with the sequential decay Y → ab into
a correlation function of two polar angles, the Y polar-angle θ in the X2RF and the a polar-angle θa, in
the Y rest frame. In Section 4 we introduce polarization estimator functions to be used for expressing the
single polar-angle correlation derived by integrating the polar-angle correlation over the Y polar angle so as
to cover the situation when the Y polar-angle with respect to the X2 flight direction cannot be measured
experimentally.
In Section 5 we demonstrate the formalism for polar-angle correlations explicitly by studying two SM
examples, the sequential process e−e+ → Z → τ−τ+ → (ρ−ντ )τ+ → ([π−π0]ντ )τ+ treating τ+ inclusively,
the sequential process e−e+ → tt¯→ (W+b)t¯→ ([ℓ+νℓ]b)t¯, treating t¯ inclusively, and one example in a model
beyond the SM with a heavy vector-like top quark, T → Zt → [ℓ−ℓ+]t, as one of the characteristic non-
standard examples. Section 6 contains a summary of our results and concluding remarks. After that, three
appendices collecting a lot of mathematical formulas to be used in the main text are added. Appendix A
is for introducing Wigner d-functions and listing a few properties to be exploited in the present work. Ap-
pendix B lists all the WDFs and the Y polarization density matrices in the general form so that they can be
applied to any specific two-stage decays with no further refinements. Finally, we present the explicit forms of
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all the non-trivial polarization estimator functions and investigate their asymptotic behaviors in Appendix C.
2 Wick helicity rotation on helicity states and helicity amplitudes
A helicity state |p, jλ〉 of a single spin-j particle with helicity λ and its four-momentum p = (E, ~p) =
E(1, β sin θ cosφ, β sin θ sinφ, β cos θ) satisfying β = |~p|/E =
√
1−m2/E2 in a given reference frame is de-
fined by applying a sequence of boost and rotation transformations to a spin-j angular-momentum eigenstate
|jλ〉 with the z-axis spin component λ in the rest frame with a fixed coordinate system as [4, 36]
|p, jλ〉 = Rz(φ)Ry(θ)Lz(β)|jλ〉 , (3)
where the combined operation Rz(φ)Ry(θ) = R(φ, θ, 0) is a rotation
3 taking the z-axis into the direction of
~p with spherical angles Ω = (θ, φ) and Lz(β) is a pure boost along the z-axis direction from the rest frame
to the frame where the particle speed is β. In contrast, the pure Lorentz transformation by a boost vector ~β
preserving the assigned coordinate system is L(~β) = R(φ, θ, 0)Lz(β)R
−1(φ, θ, 0). For convenience we define
the sequence of operations on the right-hand side in Eq. (3) as an operation h(~β):
h(~β) = Rz(φ)Ry(θ)Lz(β) = L(~β)R(φ, θ, 0) , (4)
with ~β = ~p/E. By definition, the helicity quantum number λ is the component of the spin along the mo-
mentum ~p and it is a rotationally-invariant quantity.
The general theoretical analysis of the polarization of the particle Y of spin j in the two-body decay
X2 → Y X1 is most transparent in the X2RF frame if performed in the helicity formalism [36]. The decay
helicity amplitude can be decomposed in terms of the decay polar and azimuthal angles for the momentum
direction of the particle Y produced in the X2RF as
DRσ2:σσ1 (θ, φ) = F
j2
σσ1 d
j2
σ2,σ−σ1 (θ) e
iσ2φ with |σ − σ1| ≤ j2 , (5)
where j2 and σ2 are the spin and helicity of the particle X2, and σ and σ1 are the helicities of the particles,
Y and X1 boson, respectively. For the sake of discussion the Y momentum direction will be referred to as
the production axis in the following. Because of rotational invariance, the reduced matrix elements F j2σσ1
in Eq. (5) containing all the dynamical information on the decay process is independent of the X2 helicity σ2.
The energy E and speed β of the particle Y in the decay X2 → Y X1 are fixed in the X2RF with the
masses {m2,m,m1} of the three particles as
E =
m22 −m21 +m2
2m2
and β =
λ1/2(m22,m
2
1,m
2)
m22 −m21 +m2
, (6)
with the magnitude of momentum |~p| = βE and the Ka¨lle´n kinematical function λ(x, y, z) = x2 + y2 + z2 −
2xy − 2yz − 2zx = (x− y − z)2 − 4yz [42].
The polarizations of the particle Y determined with respect to the detection axis of the Y momentum
direction in the LAB is related to those in the X2RF frame by a Wick helicity rotation connecting the
two helicity bases [34]. The Wick helicity rotation angle ω is determined by taking the three sequential
operations consisting of the Lorentz transformation h2Y (~β) from the Y RF to X2RF, followed by the pure
3It should be noted that this rotation is simpler than the one introduced in the original paper by Jacob and Wick corre-
sponding to R(φ, θ,−φ) in Ref. [35].
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Figure 1: A simple diagrammatic description of the Wick helicity rotation describing the mismatch between
the two helicity coordinate systems of the LAB directly reached through one single Lorentz transformation
LY ) = ΛY L and indirectly reached through the Lorentz transformation from the YRF to
the X2RF and then the pure coordinate-preserving Lorentz transformation from the X2RF to the
LAB, from the rest frame (YRF). The boost parameter is the speed in the LAB and the parameters,
and , are the speed of the particle in the X2RF and LAB frames, respectively.
YRF
X2RF LAB
hLY (~β
′) = h−1
Y L
(−~β ′)
LL2(~β2)
h2Y (~β)
Figure 2: A simple diagrammatic description of the Wick helicity rotation describing the mismatch between
the two helicity coordinate systems of the LAB directly reached through one single Lorentz transformation
LY ) = ΛY L and indirectly reached through the Lorentz transformation from the YRF to
the X2RF and then the pure coordinate-preserving Lorentz transformation from the X2RF to the
LAB, from the rest frame (YRF). The boost parameter is the speed in the LAB and the parameters,
and , are the speed of the particle in the X2RF and LAB frames, respectively.
The polarizations of the particle determined with respect to the detection axis of the flight direction
in the LAB is related to those in the rest frame of the decaying particle (X2RF) by a Wick helicity
rotation connecting the two helicity bases [32]. The Wick helicity rotation angle is determined by taking
Figure 1: A simple diagrammatic description of the Wick helicity rotation describing the mismatch between
the two helicity coordinate systems of the LAB directly reached through one single Lorentz transformation
hLY (~β2) = Λ
−1
Y L(−~β2) and indirectly reached through the Lorentz transformation h2Y (~β) from the rest frame
of Y (Y RF) to the X2RF and then the pure coordinate-preserving Lorentz transformation LL2(~β2) from the
X2RF to the LAB, from the YRF. The boost parameter β2 is the X2 speed in the LAB and the parameters,
β and β′, are the speed of the parti le Y in the X2RF and LAB, respectively.
coordinate-preserving Lorentz transformation LL2(~β2) from the X2RF frame to the LAB, and finally the
Lorentz transformation hY L(−~β′) = h−1LY (~β′) transforming back the system from the LAB to the Y RF as
R(~ω) = h−1LY (~β′)LL2(~β2)h2Y (~β) = hY L(−~β′)LL2(~β2)h2Y (~β) , (7)
with the ~ω direction parallel to ~β2 × ~β, where h, L, and R are the representation matrices for the Lorentz
transformations. A simple diagrammatic description for the Wick helicity rotation is shown in Fig. 1. Ex-
plicitly, the Y velocity ~β′ i e LAB is related to th Y velocity ~β in the X2RF by
~β′ =
1
γ2 (1 + ~β2 · ~β)
[
~β + γ2~β2 +
γ22
γ2 + 1
(~β2 · ~β)~β2
]
=
γ−12 ~β⊥ + ~β‖ + ~β2
1 + ~β2 · ~β
, (8)
in terms of the velocities, ~β and ~β2, with γ2 = 1/
√
1− β22 , and the Wick helicity rotation angle ω defined
by the relation in Eq. (7) can be extracted from the expressions of the standard tangent function
tanω =
β2
√
1− β2 sin θ
β + β2 cos θ
, (9)
and/or those of the sine and cosine functions
sinω =
β2
√
1− β2 sin θ√
(β2β cos θ + 1)2 − (1− β22)(1 − β2)
, (10)
cosω =
β + β2 cos θ√
(β2β cos θ + 1)2 − (1− β22)(1 − β2)
, (11)
in terms of the Y speed and polar angle, β and θ, in the X2RF and the X2 speed, β2, in the LAB. Similarly,
the angle ω1 of the Wick helicity rotation for the X1 helicity state and distributions in the LAB can be
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obtained from Eq. (9) by replacing θ by π − θ and β by β1, the X1 speed in the X2RF.
There are two extreme kinematic limits for which we do not have to rely on any detailed information on
the boost distributions in practice. Firstly, if the particle X2 is produced near threshold with β2 → 0, then
ω → 0 rendering the difference between the production and detection axes negligible. Secondly, if the mass
splitting, m2 −m1, of the particles X2 and X1 is much larger than m, the particle Y is highly boosted with
E and p much larger than m even in the X2 rest frame except for the far backward region with θ very close
to π. Naturally, ω = 0 if the particle Y is massless, i.e. β = 1.
Ω = (θ, φ)
X2(p2, σ2)
Y (p, σ)
X1(p1, σ1)
(a) X2 rest frame (X2RF)
β2
Ω′ = (θ′, φ′)X2(p
′
2
, σ′
2
)
Y (p′, σ′)
X1(p
′
1
, σ′
1
)
(b) Laboratory frame (LAB)
Figure 3: Kinematic configurations of the two-body decay Y X in (a) the rest frame (X2RF)
with = ( 0) and (b) in the laboratory frame (LAB). The unprimed , q, p and , σ, σ are the
momenta and helicities of the , Y and particles in the X2RF while the corresponding primed moment
and helicities are defined in the LAB. The solid angles, Ω = (θ, φ and = ( , φ , which are defined with
respect to the flight direction in the LAB, are the polar and azimuthal angles of the particle in the
X2RF and in the LAB, respectively. The boost parameter , which links the X2RF and LAB, is nothing but
the speed in the LAB. Note that the azimuthal angles of the particle and the helicities are identical,
i.e. and for the boost.
and , in the LAB are given in terms of the corresponding helicity states in the X2RF by
, jσ ,σ p, jσ and , j ,σ , j (12)
As a consequence, the decay helicity amplitudes in the LAB for the two-body decay is related to those in
the X2RF through two Wick helicity rotations on the and states as
,σ ,σ , φ ) =
σ ,σ
,σ ,σ ,σ,σ
θ, φ (13)
with of the particle for this specific Lorentz boost ). The polar angle and the energy
of particle in the LAB are expressed in terms of to the polar angle as
tan
sin
cos
and (1 + cos E , (14)
with the explicit forms of and in Eq. (6). It is noteworthy that, if neither nor is zero, the polar-angle
distribution in the X2RF can be derived directly from the energy distribution in the LAB. The kinematic
Figure 2: Kinematic configurations of the two-body decay X2 → Y X1 in (a) the X2RF with p2 = (m2,~0)
and (b) in the LAB. The u primed (p2, q, p1) and (σ2, σ, σ1) are the omenta and helicities of the X2, Y and
X1 particles in the X2RF while the corresponding primed momenta and helicities are d fined i the LAB.
The solid a gles, Ω = (θ, φ) and Ω′ = (θ′, φ′), which are defined with respect to the X2 momentum direction
in the LAB, are the polar and azimuthal angles of the particle Y in the X2RF and in the LAB, respectively.
The boost parameter β2, which links the X2RF and LAB, is nothing but the X2 speed in the LAB. Note that
the azimuthal angles of the particle Y and the X2 helicities are identical, i.e. φ
′ = φ and σ′2 = σ2 for the
boost.
Let us consider a fixed 3-dimensional spatial coordinate system of the X2RF with the positive z-axis along
the X2 momentum direction ~β2 in the LAB. In this situation the X2 helicity is invariant under the boost
along the X2 momentum direction from the X2RF to the LAB so that the helicity states of the particles, Y
and X1, in the LAB are given in terms of the corresponding helicity states in the X2RF by
|p′, jσ′〉 =
∑
σ
djσ′,σ(ω) |p, jσ〉 and |p′1, j1σ′1〉 =
∑
σ1
dj1σ′
1
,σ1
(ω1) |p1, j1σ1〉 . (12)
As a consequence, the decay helicity amplitudes in the LAB for the two-body decay are related to those in
the X2RF through two Wick h licity rotations on the Y and X1 states as
DLσ′
2
,σ′,σ′
1
(θ′, φ′) =
∑
σ ,σ1
djσ′,σ(ω) d
j1
σ′
1
,σ1
(ω1)D
R
σ′
2
,σ,σ1
(θ, φ) , (13)
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with φ′ = φ of the particle Y for this specific Lorentz boost LL2(β2zˆ). The polar angle θ′ and the energy E′
of Y particle in the LAB are expressed in terms of to the polar angle θ as
tan θ′ =
β sin θ
γ2(β2 + β cos θ)
and E′ = γ2(1 + β2β cos θ)E , (14)
with the explicit forms of E and β in Eq. (6). It is noteworthy that, if neither β2 nor β is zero, the polar-angle
distribution in the X2RF can be derived directly from the Y energy distribution in the LAB. The kinematic
configurations of the two-body decay X2 → Y X1 in the X2RF and LAB are displayed in Fig. 2.
In order to describe the impact of the X2 polarization on the Y polarization and angular distribution in
the LAB in a general footing, we introduce the (2j2+1)×(2j2+1) helicity density matrix ρX2 containing the
full information on the X2 polarization and satisfying the normalization condition Tr(ρ
X2) = 1. Integrating
over the azimuthal angle φ we can obtain the helicity-dependent distribution in the X2RF as
Dσλ(θ) =
∑
σ2
∑
σ1
ρX2σ2,σ2 [d
j2
σ2,σ−σ1(θ) d
j2
σ2,λ−σ1(θ)]F
j2
σσ1F
j2∗
λσ1
. (15)
By performing the integration4 over the azimuthal angle φ′, which is identical to φ under the Lorentz
transformation LL2(β2zˆ), and taking the sum over the X1 helicity σ
′
1, we can obtain a fully-correlated and
Wick-rotated distribution, from which the (2j + 1)× (2j + 1) polarization density matrix of the particle Y
in the LAB can be derived, as
D′σ′λ′(ω, θ) =
∑
σ, λ
[djσ′,σ(ω) d
j
λ′,λ(ω)]Dσλ(θ) , (16)
=
∑
σ2
∑
σ, λ
∑
σ1
ρX2σ2,σ2 [d
j
σ′,σ(ω) d
j
λ′,λ(ω)] [d
j2
σ2,σ−σ1(θ) d
j2
σ2,λ−σ1(θ)]F
j2
σσ1F
j2∗
λσ1
, (17)
to be called Wick helicity rotation distribution functions (WDFs) involving only the diagonal components
of the density matrix ρX2 , where the general form in Eq. (5) of the two-body decay helicity amplitude has
been taken into account. The polar-angle and polarization dependent decay width is then given by
dΓσ′,λ′
d cos θ
= γ2β2βE
dΓσ′,λ′
dE′
=
β¯
16πγ2m2
D′σ′λ′(ω, θ) , (18)
where the boost factor γ2 = 1/
√
1− β22 and the abbreviation β¯ = λ1/2(1,m21/m22,m2/m22). For the sake of
our discussion, we cast the expression of WDFs in Eq. (17) into a little shorter form:
D′σ′λ′(ω, θ) =
∑
σ2
∑
σ, λ
∑
σ1
ρX2σ2,σ2 × Sσλ;σ1σ2 ;σ′λ′(ω, θ)× F j2σσ1F
j2∗
λσ1
, (19)
by introducing the following helicity and polar-angle dependent functions to be called Wick helicity rotation
spectral functions (WSFs) as
Sσλ;σ1σ2;σ′λ′(ω, θ) = [d
j
σ′,σ(ω) d
j
λ′,λ(ω)] × [dj2σ2,σ−σ1 (θ) dj2σ2,λ−σ1(θ)] (20)
The averages of WSFs over the polar-angle θ to be named Wick helicity rotation spectral elements (WSEs)
is given by
〈Sσλ;σ1σ2;σ′λ′〉 =
1
2
∫ 1
−1
Sσλ;σ1σ2;σ′λ′(ω, θ) d cos θ . (21)
4Even if the azimuthal angle distributions allow us to make a more detailed spin and angular-correlation analysis, we focus
on the polar-angle distributions, while postponing the full correlations as our next project.
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The WSFs satisfy the normalization conditions
Tr(Sσλ;σ1σ2 ) ≡
∑
σ′
Sσλ;σ1σ2;σ′σ′ = δσλ [d
j2
σ2,σ−σ1(θ)]
2 , (22)
with no Wick helicity rotation effects, leading to a simple normalization for the WSEs as
Tr(〈Sσλ;σ1σ2 〉) ≡
∑
σ′
〈Sσλ;σ1σ2;σ′σ′〉 =
{
δσλ/(2j2 + 1) if |σ − σ1| ≤ j2 ,
0 if |σ − σ1| > j2 ,
(23)
that is independent of the X2 helicity σ2.
The normalized polar-angle dependent distribution W ′ and the integrated polarization density matrix
ρY of the particle Y are obtained from the WDFs in Eq. (17) as
W ′σ′λ′(θ) =
D′σ′λ′(ω, θ)
Tr[〈D′〉] and ρ
Y
σ′λ′ =
〈D′σ′λ′(ω, θ)〉
Tr[〈D′〉] , (24)
satisfying the normalization conditions, Tr[〈W ′〉] = 1 and Tr(ρY ) = 1. They will be combined later with the
polarized Y decay distributions, for correlated polar-angle distributions and single polar-angle distributions.
The explicit expressions of the matrix elements will be presented in detail for a specific set of decay processes
later in Section 5 and the polarization density matrices ρY are listed in their general form for the cases with
particle spins up to one in Appendix B.
In passing we note that the partial decay width Γ[X2 → Y X1]LAB in the LAB is obtained by summing
up the diagonal elements of the distribution matrix in Eq. (17) over the Y helicity σ′ and integrating it over
the polar angle θ as
Γ[X2 → Y X1]LAB = 1
γ2
Γ[X2 → Y X1] = β¯
8πγ2m2
1
(2j2 + 1)
∑
σ,σ1
′|F j1σσ1 |2 , (25)
with the boost factor γ2 of the particle X2 of speed β2 in the LAB, reflecting time dilation. The prime on
the summation notation indicates that the sum is taken only when |σ − σ1| ≤ j2 is satisfied.
3 Polar-angle correlations and their reconstruction
Extracting efficiently the essential information on the X2 polarization and the dynamics of the two-body
decay X2 → Y X1 encoded in the Y density matrix ρY (θ) in Eq. (24) require exploiting Y -polarization sen-
sitive decays.
With no serious loss of generality, we assume that Y decays into two particles, a particle a of mass ma
and spin ja and a particle b of mass mb and spin jb of which the helicity amplitude can be written in the Y
rest frame as
Dσ;σaσb(θa, φa) = H
j
σaσb
djσ,σa−σb(θa) e
iσφa , (26)
where the polar and azimuthal angles θa and φa define the momentum direction of the particle a in a coor-
dinate system with the positive z axis along the Y flight direction in the LAB.
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After combining the Y production and decay amplitudes and integrating the combined distribution over
the azimuthal angle φa, we obtain a correlated distribution of two polar angles, θ and θa, as
d2C
d cos θ d cos θa
=
(2j + 1)
4
j∑
σ′=−j
W ′σ′σ′(θ) ρ
D
σ′σ′(θa) , (27)
with the Y decay density matrix ρY defined in terms of the decay helicity amplitudes as
ρDσ′σ(θa) =
∑
σaσb
[djσ′,σa−σb(θa)]
2|Hjσaσb |2∑
σaσb
|Hjσaσb |2
, (28)
The polar-angle correlation in Eq. (27) encodes the full information on the dynamics of the two-stage decay
X2 → Y X1 → (ab)X1 that can be extracted through measuring the polar angles, θ and θa, experimentally.
Here, we emphasize that the correlation function depends also on the X2 speed β2 as well. In the following
analysis, we assume that the speed β2 is determined event by event or the β2-dependent distribution is
known already so that it can be folded with the correlation function for a full-fledged distribution.
where the polar and azimuthal angles and define the flight direction of the particle in a coordinate
system with the positive axis along the flight direction in the LAB.
After combining the production and decay amplitudes and integrating the combined distribution over
the azimuthal angle , we obtain a correlated distribution of two polar angles, and , as
θ, θ
cos θd cos
) with
,σ )]
(27)
The correlation encodes the full information on the dynamics of the two-stage decay Y X ab
that can be extracted through measuring the polar angles, and , experimentally. Here, we emphasize
that the correlation function depends also on the speed as well. In the following analysis, we assume
that the speed is determined event by event or the -dependent distribution is known a priori so that it
can be folded with the correlation function for a full-fledged distribution.
z(Y )
z(X2)
a
Y
X2
θ′
θ
θ
a
~β
~β ′
~β2
~β
a
Figure 3: A simple diagram describing the relation among the polar angles, in the X2RF and in the
LAB, and the polar angle of the particle in the rest frame from the decay is the
velocity in the LAB and and are the velocity and polar angle in the X2RF (LAB). Also,
and are the velocity and polar angle in the YRF. and denote the and flight directions
in the LAB. Note that the relative orientation between the plane formed by and and the plane formed
by and can be arbitrary. In this light, all the azimuthal angles are not displayed for simplicity, because
they are irrelevant to the polar-angle correlations under our considerations.]
The most straightforward way of determining the polar angles and is through the measurement of
Figure 3: A simple diagram describing the r l g the polar angles, θ in the X2RF and θ
′ in the
LAB, and the polar angle θa of the particle i Y st frame from the decay Y → a + b. ~β2 is the X2
velocity in the LAB and ~β(~β′) and θ(θ′) are t Y ity and polar angle in the X2RF (LAB). Also, ~βa
and θa are the a velocity and polar angle in the z(X2) and z(Y ) denote the X2 and Y flight directions
in the LAB. Note that he relative orientatio t e plane formed by ~β2 and ~β and the plane formed
by ~β′ and ~β1 can be arbitrary. In this light, all t t al angles are not displayed for simplicity, because
they are irrelevant to the polar-angle cor elati r considerations.
The most straightforward way of deter ining the polar angles θ and θa is through the measurement of
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the Y and a energies, E′ and E′a, in the LAB, as they satisfy the relations:
cos θ =
1
γ2β2γβ
[
E′
m
− γ2γ
]
, (29)
cos θa =
1
γ′β′γaβa
[
E′a
ma
− γ′γa
]
, (30)
where the Y boost factors, γ′ and β′, in the LAB are given in terms of the X2 boost factors in the LAB, β2
and γ2, and the Y polar angle θ and Y boost factors γ and β in the X2RF by
γ′ =
E′
m
= γ2γ (1 + β2β cos θ) and β
′ =
√
1− 1/γ′2 , (31)
as can be checked with Eq. (29) The value of γ′ varies between γ2γ(1−β2β cos θ) and γ2γ(1+β2β cos θ) and,
for a given value of γ′, the allowed range of the a boost factor γ′a = E
′
a/ma is between γ
′
amin = γ
′γa(1−β′βa)
and γ′amax = γ
′γa(1 + β′βa) with γa = (m2 +m2a −m2b)/2mma. A simple diagrammatic description of the
kinematic relations among angles and boost parameters is shown in Fig. 3. Note that ~β′ is not a simple
vector sum of ~β2 and ~β but a complicated combination of them as shown in Eq. (8).
If the polar angle θ in the X2RF cannot be measured but the four-momentum of Y or one of the Y decay
products can be fully reconstructed, then we can still use the one-dimensional θa distribution derived by
integrating the 2-dimensional distribution in Eq. (27) over the polar angle θ. In general there are thirteen
independent functions of the Wick angle ω and θ to be integrated over the angle θ. Three of them are rather
trivial as they depend simply on θ. The remaining ten integrated functions, which we call polarization esti-
mator functions (PEFs), will be classified and described in detail in the next section, while their expressions
with spins up to one are listed in Appendix C.
4 Polarization estimator functions
If the spin of the particle Y is j = 0, there are no Wick helicity rotation effects and so the production-decay
correlation distribution of the particle X2 is simply given by the θ-dependent function
D′(ω, θ) = D′(0, θ) =
∑
σ2
∑
σ1
′
ρX2σ2,σ2
[
dj2σ2,−σ1(θ)
]2
|F j2σ1 |2 , (32)
with the restriction |σ′1| ≤ j2. Furthermore, for a spin-0 particle X2 the helicity density matrix ρX2 is
trivially one, resulting in no production-decay correlations at all.
On the contrary, non-trivial Wick helicity rotation effects are developed for non-zero Y spins. Although
the formalism given in Section 2 can be applied to any spin combination, we consider the cases with spin
values, 0, 1/2 and 1 for showing the diagonal correlated distributions (σ′ = λ′) - WDFs and WSFs explicitly
in the present work as they are directly related with the sequential polar-angle decay distributions of the
particle Y after azimuthal-angle integration.
Applying the coupling rule of Wigner d-functions in Eq. (A.14) we can rewrite the diagonal WDFs Dσ′σ′
in the form as
D′σ′σ′(ω, θ) =
2j∑
J=0
2j2∑
J2=0
j∑
σ,λ=−j
CJJ2σλ;σ′ [dJ0, σ−λ(ω) dJ20, σ−λ(θ)] , (33)
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where the coefficients CJJ2σλ;σ′ are determined by a combination of the elements of the density matrix ρX2 , the
reduced decay helicity amplitudes F j2σσ1 and F
j2∗
λσ1
and four Clebsch-Gordan coefficients. The general form of
dJ0λ(β) expressed in terms of the standard Legendre polynomial PJ (cosβ) by the formula [43]
dJ0λ(β) = 2
λ
(
cosβ
2
)λ(
sinβ
2
)λ√
(J − λ)!
(J + λ)!
dλ
d cosβλ
PJ (cosβ) , (34)
for integral J and λ. Taking into account the expressions of six dJ0λ functions up to J = 2 with λ ≥ 0:
d000(β) = 1; d
1
00(β) = cosβ, d
1
01(β) =
sinβ√
2
; (35)
d200(β) =
1
2
(3 cos2 β − 1), d201(β) =
√
3
2
cosβ sinβ, d202(β) =
√
3
8
(1− cos2 β) , (36)
and three additional d-functions with negative λ values derived with the relation dJ0λ(β) = (−1)λdJ0,−λ, ten
non-trivial β2 and β dependent polarization estimator functions (PEFs) can be formed:
〈cosω〉 , 〈cosω cos θ〉 , 〈cosω cos 2θ〉 ,
〈cos2 ω〉 , 〈cos2 ω cos θ〉 , 〈cos2 ω cos2 θ〉 ,
〈sinω sin θ〉 , 〈sinω sin 2θ〉 ,
〈cosω sinω sin θ〉 , 〈cosω sinω cos θ sin θ〉 ,
(37)
where the bracket stands for the average over the polar-angle θ defined as
〈F (ω, θ)〉 = 1
2
∫ 1
−1
F (ω, θ) d cos θ , (38)
for any function F (ω, θ) dependent on θ implicitly as well as explicitly.5 Two PEFs, 〈cosω〉 and 〈cos2 ω〉
with no explicit θ-dependence, were already introduced in Refs. [38–41], which appear even in the case of
unpolarized X2. The detailed expressions and the properties of all the ten non-trivial polarization estimator
functions are listed and described in detail in Appendix C.
Table 1 shows all the non-trivial PEFs that may contribute to the polar-angle averages of WDFs in the
decay process with the spin combinations of j2 → j+ j1 involving all the spin values up to one. The notation
‖jj1‖ stands for the final state with Y of spin j and X1 of spin j1. The symbol • indicates the polarization
estimator functions may shows up in the corresponding decay mode, but the symbol
√
implies that the
corresponding PEF can appear only when parity is violated in the two-body decay.
5 Examples of the Wick helicity rotation in the Standard Model
and beyond
Spin has played a dramatic role in the field of elementary particle physics, acting as a powerful tool in the
confirmation and verification of particle physics theories, especially in numerous tests of the SM since its
birth about fifty years ago [44–47]. In this section, we apply the formalism developed in the previous sections
to two well-known SM cases and one non-standard case with a new heavy vectorlike top quark, eventually
deriving the two-stage polar-angle correlations in their full form. On the other hand, we present a few simple
numerical analyses while postponing more comprehensive numerical studies as a next project.
5As can be checked with Eq. (33), every sinω due to the interference of two Y states of different helicities in the X2RF is
always accompanied by sin θ so that 〈sinω〉 and 〈cos ω sinω〉 cannot show up.
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Polarization Estimator Functions
Xs spin j2 = 0 j2 =
1
2 j2 = 1
Y&X1 spins: ‖jj1‖ ‖ 12 12‖ ‖〈10‖ ‖11‖ ‖ 120‖ ‖ 121‖ ‖1 12‖ ‖ 12 12‖ ‖10‖ ‖11‖
〈cosω〉 √ √ √ √ √ √ √ √
〈cos2 ω〉 • • • • •
〈cosω cos θ〉 • • • • • •
〈cosω cos2 θ〉 √ √ √
〈cos2 ω cos θ〉 √ √ √
〈cos2 ω cos2 θ〉 • •
〈sinω sin θ〉 • • • • • •
〈sinω cos θ sin θ〉 √ √ √
〈cosω sinω sin θ〉 √ √ √
〈cosω sinω cos θ sin θ〉 • •
Table 1: List of non-trivial polarization estimator functions which may contribute to the polar-angle averages
of WDFs in the decay process j2 → j + j1 involving all the spin values up to 1. The notation ‖jj1‖ stands
for the final state with Y of spin j and X1 of spin j1 and the symbol • indicates the polarization estimator
functions may shows up in the corresponding decay mode, but the symbol
√
implies that the corresponding
PEF can appear only when parity is violated in the two-body decay. Note that every term involving an odd
number of cosines can show up with parity-violating interactions.
5.1 The process e−e+ → Z → τ−τ+ followed by τ− → ρ−ντ and ρ
−
→ π−π0
As a characteristic example of the key decay mode with the spin combination of 1/2→ 1+ 1/2, we consider
the following three-stage sequential processes of the SM, established with exquisite precision experimentally
at SLAC and LEP and in the SM [48]:
e−e+ → Z → τ−τ+ → (ρ−ντ )τ+ → ([π−π0]ντ )τ+ , (39)
where τ+ is assumed to be inclusively measured. The key chain for our analysis in Eq. (39) is the two-body
decay τ− → ρ−ντ , one of the main τ decay modes [49–54]. The τ -pair production process proceeds at the
tree level through two s-channel γ and Z exchanges. On the Z-boson pole, the contribution from γ exchange
is of order ΓZ/mZ ∼ 0.027 compared with that of Z exchange [55] so that the γ-exchange contribution
can be neglected with good approximation, although it can be included easily if necessary. The sequential
process in Eq. (39) is then viewed as a typical physical process of resonance formation and decay.
The Feynman rules of the eeZ and Zττ vertices consist of vector and axial-vector structures:
〈Z|e−e+〉µ = −igZ γµ(ve − aeγ5) , (40)
〈τ−τ+|Zµ〉µ = −igZγµ (vτ − aτγ5) , (41)
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with gZ = e/cW sW and the abbreviations, sW = sin θW and cW = cos θW , of the weak-mixing angle θW . In
the SM, ve = vτ = s
2
W − 1/4 and ae = aτ = −1/4. Apart from a function related to the energy-dependent
Z propagator and an azimuthal-angle dependent phase as well as a common gauge coupling gZ , the helicity
amplitude of the τ−τ+ pair production in e−e+ collisions can be written in the form
Tσeσ¯e;στ σ¯τ (Θ) = Pσeσ¯e Dστ σ¯τ d
1
σe−σ¯e,στ−σ¯τ (Θ) . (42)
The labels, (σe, σ¯e) and (στ , σ¯τ ), refer to the helicities of the relevant particles e
∓ and τ∓, and Pσ2σ¯e and
Dστ σ¯τ measure the helicity amplitudes for e
−e+ → Z and Z → τ−τ−, respectively.
If the electron mass me is neglected, then the electron and positron must have opposite helicity, yielding
two surviving e−e+ → Z helicity amplitudes as
P±∓ = ve ∓ ae and P±± = 0 . (43)
The latter vanishing result is due to chirality preservation in the limit of me = 0. On the other hand, with
non-zero τ mass mτ , the decay part consists of four helicity amplitudes
D±∓ = vτ ∓ βτaτ , (44)
D±± =
1√
2
√
1− β2τ vτ =
√
2
mτ
mZ
vτ , (45)
with the τ− speed βτ =
√
1− 4m2τ/m2Z in the e−e+ CM frame. Note that βτ ≃ 1 up to per-mille precision
with mZ = 91GeV and mτ = 1.78GeV on the Z-boson pole, i.e. the produced τ
∓ is highly relativistic.
For the sake of notation, we introduce two asymmetry parameters:
Ae =
2veae
v2e + a
2
e
and Aτ =
2vτaτ
v2τ + a
2
τ
, (46)
and two polarization-dependent quantities
ξ1 = −Pe−Pe+ −Ae(Pe− − Pe+) , (47)
ξ2 = −(Pe− − Pe+)−AePe−Pe+ . (48)
Folding the e− and e+ diagonal 2 × 2 polarization density matrices ρe± = 12 diag(1 + Pe± , 1 − Pe±) in the
(1/2,−1/2) helicity basis for longitudinally polarized electron and positron beams, with the squares of the
transition amplitudes and then summing them over the τ+ helicities we have the differential cross section
given by
1
σunp
dσpol
d cosΘ
=
3
2
(1 + ξ1)[1 + cos
2Θ+ (1 − β2τ )(ητ − cos2Θ)] + 2(Ae + ξ2)Aτβτ cosΘ
3 + β2τ + 3ητ (1− β2τ )
, (49)
with a ratio ητ = (v
2
τ − a2τ )/(v2τ + a2τ ) of the vector and axial-vector couplings in addition to Ae and Aτ .
The angular-dependent τ− polarization Pτ (Θ) in the e−e+ CM frame of a τ− moving with speed βτ and
polar angle Θ reads
Pτ (Θ) = − (1 + ξ1)Aτβτ (1 + cos
2Θ) + (Ae + ξ2)[1 + ητ + (1− ητ )β2τ ] cosΘ
(1 + ξ1)[1 + cos2Θ+ (1− β2τ )(ητ − cos2Θ)] + 2(Ae + ξ2)Aτβτ cosΘ
, (50)
⇒ − (1 + ξ1)Aτ (1 + cos
2Θ) + 2(Ae + ξ2) cosΘ
(1 + ξ1)(1 + cos2Θ) + 2(Ae + ξ2)Aτ cosΘ
as βτ → 1 . (51)
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From the statistics point of view it is worthwhile to deal with the degree of polarization multiplied with the
angular distribution and then integrated over the polar angle
Pτ =
1
σpol
∫
Pτ (θ)
dσpol
d cosΘ
d cosΘ = − 4βτ
3 + β2τ + 3ητ (1− β2τ )
Aτ ⇒ −Aτ as βτ → 1 , (52)
that turns out to be independent of the initial electron and positron polarization as well as the eeZ couplings.
Let us now discuss how the π− spectra arising from the two-stage two-body decays
τ− → ρ−ντ → (π−π0)ντ (53)
can be used to determine the polarization of the vector meson ρ−, acting as a polarization analyzer of the
parent particle τ− [54]. The decay mode τ− → ρ−ντ accounts for approximately 22% of all τ decays.
Adopting the helicity formalism, the transition amplitude of the process τ− → ρ−ντ are given by
A[τ−(p, στ )→ ρ−(q, λ)ντ (k,−)] =
√
2GF gρ [u¯(k,−)γµPLu(p, στ )] ǫ∗µ(q, λ) , (54)
with PL = (1− γ5)/2. The helicity amplitude can be cast into the normalized form in the τ− rest frame as
Dστ ;−(θρ, φρ) =
√
2mρ√
m2τ + 2m
2
ρ
d
1/2
στ ,−1/2(θρ) e
iστφρ , (55)
Dστ ;0(θρ, φρ) =
mτ√
m2τ + 2m
2
ρ
d
1/2
στ ,1/2
(θρ) e
iστφρ . (56)
Note that the decay with the ρ− helicity of λ = +1 is forbidden due to the angular momentum conservation.
Folding the polarized τ− decay distributions with a given τ− polarization matrix and integrating them over
the azimuthal angle φρ yield the polar-angle dependent distributions in the (0,−1) basis
Wσλ(θρ) =


m2τ
m2τ+2m
2
ρ
(1 + Pτ cos θρ) −
√
2mτmρ
m2τ+2m
2
ρ
Pτ sin θρ
−
√
2mτmρ
m2τ+2m
2
ρ
Pτ sin θρ
2m2ρ
m2τ+2m
2
ρ
(1 − Pτ cos θρ)

 , (57)
apart from an overall factor. The average of the diagonal elements is the normalized polar-angle distribution
of ρ− in the τ− rest frame
W (θρ) =
1
2
[
1 +
(
m2τ − 2m2ρ
m2τ + 2m
2
ρ
)
Pτ cos θρ
]
. (58)
The polarization-dependent distribution matrix in Eq. (57) cannot be directly used before being combined
with the ρ decay part, but it first must be transformed by the Wick helicity rotation into the corresponding
polarization-dependent distribution in the e−e+ CM frame, i.e. the LAB frame as
W ′σ′λ′(ω, θρ) =
∑
σ,λ
d1σ′σ(ω)d
1
λ′λ(ω)Wσλ(θρ) . (59)
Although it is straightforward to derive the full expression of the distribution matrix in the LAB, we re-
strict ourselves to the diagonal elements, since we consider only the polar-angle distributions and a parity-
conserving decay ρ− → π−π0. An explicit evaluation leads to the following transverse and longitudinal
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distributions of the ρ− meson,
W ′T (ω, θρ) =
m2τ +m
2
ρ
m2τ + 2m
2
ρ
− m
2
τ −m2ρ
m2τ + 2m
2
ρ
cos2 ω
+Pτ
[(
m2τ −m2ρ
m2τ + 2m
2
ρ
− m
2
τ +m
2
ρ
m2τ + 2m
2
ρ
cos2 ω
)
cos θρ − 2mτmρ
m2τ + 2m
2
ρ
cosω sinω sin θρ
]
, (60)
W ′L(ω, θρ) =
m2ρ
m2τ + 2m
2
ρ
+
m2τ −m2ρ
m2τ + 2m
2
ρ
cos2 ω
−Pτ
[(
m2ρ
m2τ + 2m
2
ρ
− m
2
τ +m
2
ρ
m2τ + 2m
2
ρ
cos2 ω
)
cos θρ − 2mτmρ
m2τ + 2m
2
ρ
cosω sinω sin θρ
]
, (61)
in the LAB frame to be folded directly with the ρ− decay distributions in the ρ− rest frame.
Figure 4: Contour plots of the polar-angle correlation function d2C(θρ, θπ)/d cos θρ d cos θπ for Pτ = −1
(left), Pτ = 0 (middle) and Pτ = 1 (right) of the decaying τ longitudinal polarization. Here, the e
+e− CM
energy is set to the Z mass mZ = 91GeV and mτ = 1.78GeV and mρ = 0.77GeV are chosen.
The ρ− decays via ρ− → π−π0 with almost 100% probability. By the conserved vector current (CVC)
hypothesis [56, 57], the ρ− decay mode can be completely described by the four-vector current as
D[ρ− → π−π0] = fρ(pπ− − pπ0)µǫµ , (62)
where ǫµ is the ρ− polarization vector. The helicity amplitudes can be cast into the simple form in the
helicity basis
Dσρ(θπ, φπ) ∼ d1σρ,0(θπ) eiσρφπ , (63)
in the ρ− rest frame, leading to the decay angular distributions [54] for the transversely and longitudinally
polarized ρ−
1
Γ
dΓ(ρT → 2π)
d cos θπ
=
3
8
sin2 θπ , (64)
1
Γ
dΓ(ρL → 2π)
d cos θπ
=
3
4
cos2 θπ , (65)
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with cos θπ = (2Eπ/Eρ − 1)/
√
1− 4m2π/m2ρ in the collinear limit.
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Figure 5: Polar angle distribution dC/d cos θπ in the two-stage decay τ− → ρ−ντ → (π−π0)ντ for the
degrees of τ polarization of Pτ = ±1, 0 (taken simply for comparison) and Pτ = −0.16, the value expected
with the SM couplings.
Eventually, combining Eqs. (60) and (61) with Eqs. (64) and (65) we can obtain the full normalized spin
and polar-angle correlations of the two-stage decays τ− → ρ−ντ → (π−π0)ντ :
d2C
d cos θρ d cos θπ
=
1
4
[
f(θρ, θπ) + Pτ g(θρ, θπ)
]
, (66)
with the functions containing the (θρ, θπ) correlations given by
f(θρ, θπ) = 1 +
1
2
m2τ −m2ρ
m2τ + 2m
2
ρ
(3 cos2 ω − 1)(3 cos2 θπ − 1) , (67)
g(θρ, θπ) =
m2τ − 2m2ρ
m2τ + 2m
2
ρ
cos θρ +
1
2
m2τ +m
2
ρ
m2τ + 2m
2
ρ
(3 cos2 ω − 1) cos θρ (3 cos2 θπ − 1)
+3
mτmρ
m2τ + 2m
2
ρ
cosω sinω sin θρ (3 cos
2 θπ − 1) , (68)
which are consistent with the corresponding expressions in Refs. [54,58]. We note that the Wick helicity ro-
tation angle ω is a function of θρ, the polar angle of ρ
− in the τ− rest frame and it depends on βτ in the LAB
and βρ fixed with the τ and ρ masses. Thus Pτ can be determined from an analysis of the two-dimensional
distribution with greatly improved precision as demonstrated numerically in Fig. 4.
If the correlation function in Eq. (66) is integrated over the polar angle θρ of the ρ
−, then we obtain
the single polar angle distribution dC/d cos θπ of π− expressed in terms of PEFs described in detail in Ap-
pendix C. In this case with βτ ≃ 1, the asymptotic expressions of PEFs can be safely used. We note that
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the polar-angle distribution, symmetric due to the parity-preserving decay ρ− → π−π0, is quite sensitive to
the value of Pτ as clearly indicated by Fig. 5. Nevertheless, it is certain that the full polar-angle correlation
enables us to determine Pτ and so the weak-mixing angle θW with greater precision.
5.2 The process e−e+ → t t¯ followed by t → W+b and W+ → ℓ+νℓ
Studying top quarks with great precision after its discovery at Tevatron [59, 60] is important in particular
for several theoretical and experimental reasons. It allows us to probe physics at a much higher mass scale
than the other SM fermions. To a very good approximation the top quark decays as a free quark, because
of the top quark lifetime of about 4.7 × 10−25 s (corresponding to the width of 1.41GeV) is too short for
the top quark to bind with light quarks before it decays [61]. Furthermore, the maximally parity-violating
two-body top-quark decay t→W+b enables us to analyze the top-quark polarization efficiently, which is in
general non-zero if its production proceeds through some parity-violating interactions [38, 39, 62–74].
In this subsection, as another characteristic example of the spin combination 1/2→ 1+1/2, we consider
the following three-stage top production and decay processes at the tree level in the SM:
e−e+ → tt¯→ (W+b) t¯→ ([ℓ+νℓ] b) t¯ , (69)
including the two-body decay t→W+b as the key chain, with ℓ = e, µ, while treating t¯ inclusively.
The t-pair production in e−e+ annihilation proceeds via two s-channel γ and Z exchanges. The Feynman
rules of the eeV and V tt couplings with V = γ, Z are
〈γµ|e−e+〉 = ie γµ , (70)
〈tt¯|γµ〉 = −ieQtγµ , (71)
〈Zµ|e−e+〉 = igZ γµ(ve − aeγ5) , (72)
〈tt¯|Zµ〉 = igZγµ (vt − atγ5) , (73)
with the normalized t electric charge Qt = 2/3 and the vector and axial-vector couplings vt = 1/4− 2s2W /3
and at = 1/4.
By introducing four bilinear charges [75, 76] defined by
Q±± = Qt − γZ(s)
c2W s
2
W
(ve ∓ ae)(vt ∓ at) , (74)
Q±∓ = Qt − γZ(s)
c2W s
2
W
(ve ∓ ae)(vt ± at) , (75)
with γZ(s) = s/(s − m2Z + imZΓZ), the helicity amplitudes in the e−e+ CM frame can be written in a
compact form as
T (σσ¯ : λλ¯) = −2πα δσ¯,−σ 〈σ : λλ¯〉 ei(σ−σ¯)Φ , (76)
with the replacement e2 = 4πα by the fine-structure constant α and with me = 0 assumed, where the
helicity-dependent parts [62] are
〈± : ++〉 = ∓(1− β2t )1/2(Q±+ +Q±−) sinΘ , (77)
〈± : +−〉 = [(1 + βt)Q±+ + (1− βt)Q±−](1± cosΘ) , (78)
〈± : −+〉 = [(1− βt)Q±+ + (1 + βt)Q±−](1∓ cosΘ) , (79)
〈± : −−〉 = ∓(1− β2t )1/2(Q±+ +Q±−) sinΘ . (80)
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We note that the non-zero Z width can in general be neglected for the energies considered in the present
analysis so that the bilinear charges are real with very good approximation at the tree level.
For the sake of notational convenience we introduce six quartic charges [75,76] for the t-pair production
process. These charges correspond to independent helicity-dependent components describing the t-pair
production for polarized electrons and positrons with negligible electron mass. Three parity-even (unprimed)
quartic charges are defined in terms of bilinear charges as
Q1 =
1
4
(|Q++|2 + |Q+−|2 + |Q−+|2 + |Q−−|2) , (81)
Q2 =
1
2
Re
(
Q++Q
∗
+− +Q−−Q
∗
−+
)
, (82)
Q3 =
1
4
(|Q++|2 − |Q+−|2 − |Q−+|2 + |Q−−|2) , (83)
and three parity-odd (primed) quartic charges as
Q′1 =
1
4
(|Q++|2 + |Q+−|2 − |Q−+|2 − |Q−−|2) , (84)
Q′2 =
1
2
Re
(
Q++Q
∗
+− −Q−−Q∗−+
)
, (85)
Q′3 =
1
4
(|Q++|2 − |Q+−|2 + |Q−+|2 − |Q−−|2) . (86)
In terms of these six quartic charges, the differential cross section for longitudinally polarized electron and
positron beams and the degree of longitudinal t polarization are given in a simple form by
dσpol
d cosΘ
=
πα2
2s
βt [(1− Pe−Pe+)Σunp + (Pe− − Pe+)ΣLL) , (87)
Pt(Θ) =
(1− Pe−Pe+)∆unp + (Pe− − Pe+)∆LL
(1 − Pe−Pe+)Σunp + (Pe− − Pe+)ΣLL
. (88)
The polar-angle dependent coefficients, Σunp, ΣLL, ∆unp and ∆LL, appearing in Eqs. (87) and (88) are
expressed in terms of the quartic charges as
Σunp = (1 + β
2
t cos
2Θ)Q1 + (1− β2t )Q2 + 2βtQ3 cosΘ , (89)
ΣLL = (1 + β
2
t cos
2Θ)Q′1 + (1− β2t )Q′2 + 2βtQ′3 cosΘ , (90)
∆unp = [(1 + β
2
t )Q
′
1 + (1 − β2t )Q′2] cosΘ + βtQ′3(1 + cos2Θ) , (91)
∆LL = [(1 + β
2
t )Q1 + (1 − β2t )Q2] cosΘ + βtQ3(1 + cos2Θ) . (92)
If the production angles could be measured unambiguously on an event-by-event basis, the quartic charges
could be extracted directly from the angular dependence of the cross section equipped with polarized elec-
tron and/or positron beams at a single energy and similarly from the direct measurement of longitudinal
t polarization. However, the (longitudinal) t polarization can only be determined indirectly from angular
distribution of decay products if the t decay dynamics is known.
The top quark t with its mass of about 173 GeV decays via the parity-violating weak decay t→W+b with
almost 100% probability [55], of which the dynamical structure is identical to that of τ− → ρ−ντ . The decay
mode with W+ of helicity +1 in the t rest frame is forbidden because of angular momentum conservation.
Thus folding the polarized t decay distributions with a given t polarization matrix and integrating the
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resulting distributions over the W+ azimuthal angle yield the polar-angle dependent distributions in the
(0,−1) basis of W+, while ignoring the +1 mode with vanishing components, as
Wσλ(θW ) =


m2t
m2t+2m
2
W
(1 + Pt cos θW ) −
√
2mtmW
m2t+2m
2
W
Pt sin θW
−
√
2mtmW
m2t+2m
2
W
Pt sin θW
2m2W
m2t+2m
2
W
(1− Pt cos θW )

 , (93)
of which the average of the diagonal elements leads to the normalized polar-angle distribution of W+ in the
t rest frame:
W (θW ) =
1
2
[
1 +
(
m2t − 2m2W
m2t + 2m
2
W
)
Pt cos θW
]
. (94)
In order to connect the W+ polarization density matrix in the t rest frame directly with the W+ decay
distribution in the W+ rest frame, it is necessary to transform the density matrix in Eq. (93) by Wick
helicity rotation. Although it is straightforward to derive the full expression of the matrix in the e−e+ CM
frame, we will restrict ourselves to the derivation of the diagonal elements. An explicit calculation leads to
the following distributions
W ′±±(ω, θW ) =
1
2
[W ′T (ω, θW )± Z ′T (ω, θW )] , (95)
W ′00(ω, θW ) = W
′
L(ω, θW ) , (96)
with the parity-even and parity-odd transverse parts, W ′T and Z
′
T , given explicitly by
W ′T (ω, θW ) =
m2t +m
2
W
m2t + 2m
2
W
− m
2
t −m2W
m2t + 2m
2
W
cos2 ω
+Pt
[(
m2t +m
2
W
m2t + 2m
2
W
− m
2
t +m
2
W
m2t + 2m
2
W
cos2 ω
)
cos θW − 2mtmW
m2t + 2m
2
W
cosω sinω sin θW
]
, (97)
Z ′T (ω, θW ) = −
2m2W
m2t + 2m
2
W
cosω + 2Pt
(
m2W
m2t + 2m
2
W
cosω cos θW +
mtmW
m2t + 2m
2
W
sinω sin θW
)
, (98)
and the parity-even longitudinal part W ′L given explicitly by
W ′L(ω, θW ) =
m2W
m2t + 2m
2
W
+
m2t −m2W
m2t + 2m
2
W
cos2 ω
−Pt
[(
m2W
m2t + 2m
2
W
− m
2
t +m
2
W
m2t + 2m
2
W
cos2 ω
)
cos θW − 2mtmW
m2t + 2m
2
W
cosω sinω sin θW
]
, (99)
in the LAB to be folded with the W+ decay distributions in the W+ rest frame boosted directly back from
the LAB.
The W+ weak decay into a positive lepton ℓ+ and its neutrino νℓ with ℓ = e or µ, accounting for the
branching fraction of about 20%, is a very clean signal for diagnosing the W+ polarization. Neglecting the
lepton mass with good approximation, i.e. setting mℓ = 0, we can obtain the decay helicity amplitudes in
the W+ rest frame as
DσW (θℓ, φℓ) =
g√
2
u¯(k,−)γµPLv(q,+)ǫµ(p, σ) = gmW d1σW ,1(θℓ) eiσWφℓ , (100)
leading to the normalized amplitudes
D±(θℓ, φℓ) =
1± cos θℓ
2
e±iφℓ , (101)
D0(θℓ, φℓ) =
sin θℓ√
2
, (102)
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satisfying |D+|2+ |D0|2+ |D−|2 = 1. Combining Eqs. (95) and (96) with Eqs. (101) and (102) yields the full
spin and polar-angle correlations of the two-stage decays t→W+b→ (ℓ+νℓ)b:
d2C
d cos θW d cos θℓ
=
1
4
[
f(θW , θℓ) + Pt g(θW , θℓ)
]
, (103)
with the two θW and θℓ correlation functions of which the first function
f(θW , θℓ) = 1− 3m
2
W
m2t + 2m
2
W
cosω cos θℓ − 1
4
m2t −m2W
m2t + 2m
2
W
(3 cos2 ω − 1)(3 cos2 θℓ − 1) , (104)
surviving even for unpolarized t and the second function
g(θW , θℓ) =
m2t − 2m2W
m2t + 2m
2
W
cos θW +
3m2W
m2t + 2m
2
W
cosω cos θW cos θℓ
−1
4
m2t +m
2
W
m2t + 2m
2
W
(3 cos2 ω − 1) cos θW (3 cos2 θℓ − 1)
+
3mtmW
m2t + 2m
2
W
sinω sin θW cos θℓ − 1
2
3mtmW
m2t + 2m
2
W
cosω sinω sin θW (3 cos
2 θℓ − 1) , (105)
contributing only when the t quark is polarized. As mentioned before, the Wick helicity rotation an-
gle ω is a function of θW , the polar angle of W
+ in the t rest frame, and two boost factors, βt and
βW = (m
2
t−m2W )/(m2t+m2W ). Thus Pt can be determined efficiently from an analysis of the two-dimensional
angular distribution as demonstrated clearly with three values of Pt = ±1, 0 (for the sake of simple compar-
ison) at the e−e+ CM energy of 500GeV in Fig. 6.
Figure 6: Contour plots of the polar-angle correlation function d2C/d cos θWd cos θℓ for Pt = 1 (left), Pt = 0
(middle), and Pt = −1 (right) values of the decaying t longitudinal polarization. Here, the e+e− CM energy
of 500GeV is taken and mt = 173GeV and mW = 80.4GeV are assumed.
If the correlation function in Eq. (103) is integrated over the polar angle θW of theW
+, then we can obtain
the single polar angle distribution dC/d cos θℓ of ℓ− expressed in terms of polarization estimators described
in detail in appendix C. We note that the polar-angle distribution, asymmetric due to the parity-violating
decayW+ → ℓ+νℓ, is quite sensitive to the value of Pt as shown in Fig. 7. Nevertheless, as mentioned before,
it is certain that the full polar-angle correlation enables us to determine Pτ and so the weak-mixing angle
θW with better precision.
20
-1.0 -0.5 0.0 0.5 1.0
cosθl
0.0
0.5
1.0
1.5
dC
/dc
osθ
l
Pt = -1.0
Pt =  0.0
Pt =  1.0
Pt =-0.67
Figure 7: Polar angle distribution dC/d cos θℓ in the two-stage decay t→W+b→ (ℓ+νℓ)t for the degrees of
τ polarization of Pt = ±1, 0 for the sake of simple comparison and Pt = −0.67, the value expected with the
SM γ and Z couplings to a pair of top quarks.
5.3 The decay T → Zt of a heavy vectorlike top quark T , followed by Z → ℓ−ℓ+
In many models of new physics beyond the SM such as extra-dimensional models and little Higgs mod-
els [77–86], there are heavy vectorlike fermions which decay to the SM fermions plus a gauge boson (W±
and Z) or a Higgs boson (H). The mixing of vector-like quarks with the third generation and in particular
with the top quark is a common feature in little Higgs models and it may be sizable.
Due to its heavy mass, the new colored vectorlike heavy fermion T may only be produced at high energy
hadron colliders. The apparent production processes are the QCD pair production, qq¯, gg → T T¯ , producing
unpolarized T particles. However, the phase space suppression for the heavy TeV-scale mass is rather severe
in the pair production. In contrast, the single T production via W exchange in t-channel (or Wb fusion)
qb→ Tq′, in which the particle T is produced in a polarized state, falls off much more slowly with the T mass
and takes over formT larger than a few hundred GeV. According to the so-called Goldstone boson equivalence
theorem [87,88], the T couplings to the longitudinally polarized gauge bosons are not suppressed, rendering
the decay T → Zt being one of the main decay channels. The Z boson in the final state gives an unambiguous
event identification via its clean leptonic decay, and the system t(→Wb)Z enables us to reconstructmT [85].
Without taking any specific model into account, we assume a generic chiral structure for the T tZ inter-
action vertex of a heavy and SM top quarks, T and t, and the neutral gauge boson Z, denoting the vector
and axial-vector couplings by vT and aT normalized with the SM gauge coupling gZ = e/cW sW as
〈t|Z|T 〉µ = −igZ γµ(vT − aTγ5) . (106)
The helicity amplitude of the two-body decay T → Zt with its expected branching fraction larger than 20%
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is written in the T rest frame as
DσT ;λ,σt(θZ , φZ) = F
1/2
λσt
d
1/2
σT ,λ−σt(θZ) e
iσTφZ , (107)
where θZ and φZ are the polar and azimuthal angles of the Z boson. Apart from an overall factor, the
angle-independent reduced helicity amplitudes read
F
1/2
±± =
√
2 (v1 ∓ a1) and F 1/20± =
√
2 (v0 ∓ a0) , (108)
in terms of the redefined vector and axial-vector couplings as
v1 =
√
(1− µt)2 − µ2Z vT , a1 =
√
(1 + µt)2 − µ2Z aT , (109)
v0 =
(1 + µt)√
2µZ
√
(1 − µt)2 − µ2Z vT , a0 =
(1− µt)√
2µZ
√
(1 + µt)2 − µ2Z aT , (110)
with the normalized dimensionless mass ratios, µt = mt/mT and µZ = mZ/mT .
Integrating the decay distribution derived from the helicity amplitudes over the azimuthal angle φZ and
folding with the T polarization PT yield the helicity-dependent distributions6
D±±(θZ) = |v1 ∓ a1|2(1± PT cos θZ) , (111)
D±∓(θZ) = 0 , (112)
D+0(θZ) = D∗0+ = −(v1 − a1)(v0 − a0)∗PT sin θZ , (113)
D− 0(θZ) = D∗0− = −(v1 + a1)(v0 + a0)∗PT sin θZ , (114)
D 0 0(θZ) = 2(|v0|2 + |a0|2) + 4Re(v0a∗0)PT cos θZ , (115)
apart from an overall factor. The average of the diagonal elements leads to the normalized polar-angle
distribution in the T rest frame:
W (θZ) =
1
2
(
1 +APT cos θZ
)
with A =
2Re (v0a
∗
0 − v1a∗1)
|v1|2 + |a1|2 + |v0|2 + |a0|2 . (116)
In order to connect the Z polarization density matrix in the T rest frame directly with the Z decay distribution
in the LAB we transform it into the Z density matrix in the LAB by Wick helicity rotation. Although it
is straightforward to derive the full expression in any given LAB, in the present work we restrict ourselves
to the derivation of the diagonal elements for a fixed T speed, βT . As the transformed distributions involve
various combinations of the redefined couplings, {v1, a1, v0, a0}, let us first introduce five ratios consisting of
three parity-odd ratios
A1 = − 2Re(v1a
∗
1)
|v1|2 + |a1|2 + |v0|+|a0|2 , (117)
A2 = − 2Re(v1a
∗
0 + a1v
∗
0)
|v1|2 + |a1|2 + |v0|+|a0|2 , (118)
A3 = − 2Re(v1a
∗
1 + 2v0a
∗
0)
|v1|2 + |a1|2 + |v0|+|a0|2 , (119)
and two parity-even ratios
η1 =
|v1|2 + |a1|2 − 2|v0|2 − 2|a0|2
|v1|2 + |a1|2 + |v0|2 + |a0|2 , (120)
η2 =
2Re(v1v
∗
0 + a1a
∗
0)
|v1|2 + |a1|2 + |v0|2 + |a0|2 . (121)
6The reason why D±∓ = 0 is due to angular momentum conservation.
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An explicit calculation leads to the following diagonal components of the polar-angle distributions
W ′±±(ω, θZ) =
1
2
[W ′T (ω, θZ)± Z ′(ω, θZ)] , (122)
W ′0 0(ω, θZ) = W
′
L(ω, θZ) , (123)
with the parity-even and parity-odd transverse parts, W ′T and Z
′
T , and the parity-even longitudinal part W
′
L
given explicitly by
W ′T (ω, θZ) =
2
3
+
1
3
cos θZP
T (3A1 −A3) + 1
6
(3 cos2 ω − 1)η1
+
1
6
(3 cos2 ω − 1) cos θZPTA3 + 1√
2
cosω sinω sin θZP
TA2 , (124)
Z ′T (ω, θZ) = cosωA1 +
1
3
cosω cos θZP
T (2 + η1) +
1√
2
sinω sin θZP
T η2 , (125)
W ′L(ω, θZ) =
1
3
+
1
6
cos θZP
T (3A1 −A3)− 1
6
(3 cos2 ω − 1)η1
−1
6
(3 cos2 ω − 1) cos θZPTA3 − 1√
2
cosω sinω sin θZP
TA2 , (126)
in the LAB. The diagonal elements are to be folded with the Z decay distributions in the Z rest frame
reconstructed directly from the LAB.
Among various decay modes of Z, the leptonic Z-boson decays Z → ℓ−ℓ+, in particular, with ℓ = e and µ,
provide us with a very clean and powerful means for reconstructing the Z-boson rest frame, independently of
its production mechanism, and extracting the information on Z polarization. The normalized ℓ− polar-angle
distributions with respect to the Z polarization defined to be the Z-boson momentum direction in the LAB
are given by
D±±(θℓ) =
1
4
[
1 + cos2 θℓ ∓ 2Ae cos θℓ
]
, (127)
D 0 0(θℓ) =
1
2
(1− cos2 θℓ) . (128)
Combining Eqs. (122) and (123) with Eqs. (127) and (128) we can obtain the full spin and polar-angle
correlation of the two-stage decays T → Zt→ (ℓ−ℓ+)t as
d2C
d cos θZd cos θℓ
=
1
4
[
1 +
1
2
PT (3A1 −A3) cos θZ − 3
2
AeA1 cosω cos θℓ +
1
2
η1P2(cosω)P2(cos θℓ)
−1
2
PTAe(2 + η1) cosω cos θZ cos θℓ − 3
2
√
2
PTAeη2 sinω sin θZ cos θℓ
+
1
2
PTA3P2(cosω) cos θZP2(cos θℓ) +
3
2
√
2
PTA2 cosω sinω sin θZP2(cos θℓ)
]
, (129)
with the second Legendre polynomial P2(x) = (3x
2 − 1)/2 introduced for shortening the expression of the
correlation function. As noted before, the Wick helicity rotation angle ω is a function of θZ , the polar angle
of Z in the T rest frame, and two boost factors, βT and βZ .
Folding the polar-angle correlation in Eq. (129) with any given T speed distribution depending on a spe-
cific production mechanism yields the full (θZ , θℓ) correlation in the LAB. And integrating it over the polar
angle of the Z boson we obtain the single polar-angle distribution of the ℓ− polar angle θℓ.
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6 Conclusions
In this work, we have provided a general and comprehensive spin analysis through polar-angle correlations in
any combinations of two-stage two-body decays. To summarize, we have obtained the following key results
from the analysis:
∗ A systematic review of the Wick helicity rotation on helicity states and decay helicity amplitudes was
presented.
∗ Considering a two-body decay X2 → Y X1, we have described in detail how to transform through Wick
helicity rotation the decay helicity amplitudes in the rest frame of the decaying particle X2 to those
in the LAB with the particle moving with non-zero speed.
∗ Combining the decay X2 → Y X1 and the sequential decay Y → ab, we have derived the correlated
distributions expressed in terms of the Wick helicity rotation angle, the Y polar angle in the X2RF
and the a polar angle in the Y RF. They can be applicable directly in the LAB.
∗ We have introduced polarization estimator functions with which all the observables depending on the
X2 polarization and the decay dynamical properties are conveniently expressed and so transparently
described, even in the case when the Y direction cannot be reconstructed event by event.
∗ For the sake of concrete demonstration, we have studied the characteristic tau-lepton pair polarization
on the Z-boson pole and the top-quark pair production processes in e−e+ collisions in the framework
of SM, and the decay of a heavy vectorlike top quark into a top and a Z-boson expected to occur in
some models beyond the SM such as little Higgs models.
∗ For completeness, all the useful formulas directly applicable for any spin and polar-angle correlations
in any two-stage two-body decays are collected and explained in some detail.
Generally, a (new) heavy particle decays in a series of stages, often, including two-stage two-body decays.
In this situation, the formalism presented in the present work will be very useful and powerful in determining
all the particle spins in the processes and probing their dynamical properties. Based on the formalism, more
interesting and concrete examples will be studied and presented in a forthcoming work.
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A Wigner D- and d-functions
Let Jx, Jy, Jz be three angular momentum generators in a fixed rectangular coordinate system. The Casimir
operator J2 = J2x + J
2
y + J
2
z commutes with all angular momentum generators and it can be diagonalized
together with Jz, forming a complete set of orthogonal eigenstates with
J2 |jλ〉 = j(j + 1) |jλ〉 and Jz |jλ〉 = λ |jλ〉 , (A.1)
where j = 0.1/2, 1, 3/2, · · · and λ = −j,−j + 1, · · · , j for a given j. The angular momentum operators can
be used to define a three-dimensional rotation operator R(α, β, γ) as
R(α, β, γ) = e−iαJze−iβJye−iγJz , (A.2)
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where α, β, γ are Euler angles (characterized by the right-handed and active interpretation).
The Wigner D-functions are the matrix elements of the rotation operator R in Eq. (A.2) of which the
explicit form is
Djσ,λ(α, β, γ) = 〈jσ|R(α, β, γ)|jλ〉 = e−iσα djσ,λ(β) e−iλγ , (A.3)
where the mutually orthogonal Wigner d-functions are the matrix elements defined as
djσ,λ(β) = 〈jσ|e−iβJy |jλ〉 , (A.4)
which are real. By definition the orthogonal d-functions satisfy the group properties:∑
λ
djµ,λ(β) d
j
ν,λ(β) =
∑
σ
djσ,µ(β) d
j
σ,ν(β) = δµν , (A.5)
djσ,λ(β1 + β2) =
∑
µ
djσ,µ(β1) d
j
µ,λ(β2) , (A.6)
reflecting the characteristic additive property of two successive rotations.
For the sake of convenient discussion, the expressions of Wigner d-functions for the spin-1/2 and spin-1
cases are listed explicitly in Tab. 2.
d
1/2
σ,λ(θ)
❍
❍
❍
❍❍
σ
λ 1
2 − 12
1
2 cos
θ
2 − sin θ2
− 12 sin θ2 cos θ2
d1σ,λ(θ)
❍
❍
❍
❍❍
σ
λ
1 0 −1
1 1+cos θ2 − sin θ√2
1−cos θ
2
0 sin θ√
2
cos θ − sin θ√
2
−1 1−cos θ2 sin θ√2 1+cos θ2
Table 2: Expressions of d functions in terms of a polar angle θ for two spin values, j = 1/2 (left table) and
j = 1 (right table), which are used in the present work.
The Wigner D-functions form a set of orthogonal functions of the Euler angles:∫ 2π
0
dα
∫ 1
−1
d cosβ
∫ 2π
0
dγ Dj
′∗
σ′,λ′(α, β, γ)D
j
σ,λ(α, β, γ) =
8π2
2j + 1
δj′j δσ′σ δλ′λ , (A.7)
leading to the orthogonal condition for the d-functions∫ 1
−1
d cosβ dj
′
σ,λ(β) d
j
σ,λ(β) =
2
2j + 1
δj′j . (A.8)
In addition, the d-functions enjoy several symmetry properties:
djσ,λ(β) = (−1)σ−λ djλ,σ(β) , (A.9)
djσ,λ(β) = d
j
λ,σ(−β) , (A.10)
djσ,λ(β) = d
j
−λ,−σ(β) , (A.11)
djσ,λ(π − β) = (−1)j+σ djσ,−λ(β) , (A.12)
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and they satisfy two useful coupling rules involving Clebsch-Gordan coefficients:
dj1σ1,λ1(β) d
j2
σ2,λ2
(β) =
j1+j2∑
j=|j1−j2|
〈j1σ1j2σ2|jσ+〉 〈j1λ1j2λ2|jλ+〉 djσ+,λ+(β) , (A.13)
dj1σ1,λ1(β) d
j2
σ2,λ2
(β) =
j1+j2∑
j=|j1−j2|
〈j1σ1j2,−σ2|jσ−〉 〈j1λ1j2,−λ2|jλ−〉
× (−1)σ2−λ2 djσ−,λ−(β) , (A.14)
with the constraints σ± = σ1 ± σ2 and λ± = λ1 ± λ2. The bracket expression 〈j1µ1j2µ2|jµ〉 is a Clebsch-
Gordan coefficient. Two useful properties of the Clebsch-Gordan coefficients are
∑
σ
(−1)σ〈jσj(−σ)|J0〉 = (−1)j
√
2j + 1 δJ0 with 〈jσj(−σ)|00〉 = (−1)
j−σ
√
2j + 1
, (A.15)
with which the orthogonality relations of d-functions can be easily derived.
B Wick helicity rotation distribution functions (WDFs)
Before exhibiting a set of WDFs defined in Eq. (20) in their explicit form for the spin values up to 1 in this
appendix, we emphasize that the formalism given in the main text is so general that it can be applied to
any combination of the spins, {j2, j, j1}, of the particles, {X2, Y,X1}, in the decay X2 → Y X1 in a model-
independent manner. Instead of any detailed derivations, which are demonstrated with a few examples in
the main text, the essential parts for deriving WDFs and the resulting Y polarization density matrices are
collected in this Appendix.
B.1 j2 → 0 + j1
The simplest case is for the Y particle of zero spin (j = 0), because of no Wick helicity rotation effects at
all. The (unnormalized) WDF simply reads
D′(ω, θ) =
∑
σ2
∑
σ1
ρX2σ2,σ2 [d
j2
σ2,−σ1(θ)]
2 |F j2σ1 |2 ⇒ 〈D′(ω, θ)〉 =
1
(2j2 + 1)
∑
σ1
′|F j2σ1 |2 , (B.1)
with the sum over σ1 satisfying the constraint |σ1| ≤ j2.
The hadronic decay processes Σ → π−p and ρ− → π−π0 and any two-body decay involving a Higgs
boson H belong to this category of two-body decays.
B.2 0 → 1/2 + 1/2
The first non-trivial Wick helicity rotation effects show up in the case with j2 = 0 and j = j1 = 1/2.
Two typical examples of this category are H → τ−τ+ in the SM and H− → τ−ν¯τ in a two-Higgs doublet
model [89, 90].
An explicit calculation of the WDFs in this case leads to the expression:
D′σ′λ′(ω, θ) =
1/2∑
σ=−1/2
[d
1/2
σ′,σ(ω) d
1/2
λ′,σ(ω)] |F 0σσ |2 ⇒ Tr(D′) =
∑
σ
|F 0σσ |2 , (B.2)
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leading to the angle-dependent 2× 2 distributions, density matrix W ′(ω, θ) of the particle Y in the LAB, as
W ′(ω, θ) =
1
2
(
1 + cosω A sinωA
sinωA 1− cosωA
)
with A =
|F 0++|2 − |F 0−−|2
|F 0++|2 − |F 0−−|2
, (B.3)
in the (1/2,−1/2) helicity basis, where A is the Y polarization in the X2RF given in terms of the reduced
helicity elements F 0± 1
2
± 1
2
denoted by the simplified notations F 0±±. The diagonal elements of the Y angular
distribution averaged over the polar angle θ are given by the polarization estimator 〈cosω〉, of which the
expressions are given in terms of β2 and β in Appendix C and the parity-odd ratio A as
ρY±± =
1
2
[
1± 〈cosω〉A
]
. (B.4)
For example, the decay process H → τ−τ+ with a possible parity-violating Hττ coupling and a fixed H
energy as in the Higgsstrahlung process e+e− → HZ is an interesting example of this decay category.
B.3 0 → 1 + 0
One interesting example of this type of decays is t˜2 → Zt˜1 in the minimal supersymmetric Standard Model
(MSSM), which can be realized if the mass difference between two top squarks is larger than the Z-boson
mass mZ . We note that rotational invariance forces the Z boson to be longitudinally polarized.
An explicit calculation of the WDFs in this spin-1 Y case leads to the expression:
D′σ′λ′(ω, θ) = [d1σ′,0(ω) d1λ′,0(ω)] |F 00 |2 ⇒ Tr(D′) =
∑
σ
|F 00 |2 , (B.5)
leading to the angle-dependent 3× 3 distributions, W ′ of the particle Y in the LAB as
W ′(ω, θ) =
1
2


sin2 ω −√2 sinω cosω − sin2 ω
−√2 sinω cosω 2 cos2 ω √2 sinω cosω
− sin2 ω √2 sinω cosω sin2 ω

 , (B.6)
in the (1, 0,−1) basis, independent of any dynamical parameters involved in the decay and also with no
explicit θ-dependence. The diagonal elements of the Y angular distribution averaged over the polar angle θ
are given by the PEF 〈cos2 ω〉, of which the explicit form is given in Appendix C, as
ρY±± =
1
3
− 1
6
〈 3 cos2 ω − 1 〉 and ρY00 =
1
3
+
1
3
〈 3 cos2 ω − 1 〉 . (B.7)
An example of this category is the decay process f˜2 → Zf˜1 assuming that f˜2 is produced in association with
f˜∗1 through the process e
+e− → f˜2 f˜∗1 of any flavor of sfermions, which may be realized in the MSSM.
B.4 0 → 1 + 1
Although it is a loop-induced process and so its branching ratio is small, one important process of this decay
type is the radiative decay H → Zγ in the SM and its extensions.
An explicit calculation of the WDFs in this case gives us the expression for the WDFs
D′σ′λ′(ω, θ) =
1∑
σ=−1
[ d1σ′,σ(ω) d
1
λ′,σ(ω)] |F 0σσ |2 ⇒ Tr(D′) =
∑
σ
|F 0σσ |2 . (B.8)
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For the sake of notation, we introduce a parity-odd polarization parameter PR and a parity-even polarization
parameter as
A =
|F 0++|2 − |F 0−−|2
|F 0++|2 + |F 000|2 + |F 0−−|2
, (B.9)
η =
|F 0++|2 − 2|F 000|2 + |F 0−−|2
|F 0++|2 + |F 000|2 + |F 0−−|2
. (B.10)
Note that η = 1 if the X1 particle is a photon γ with no longitudinal mode. Three diagonal elements of the
3× 3 density matrix ρY averaged over the polar angle θ are given in terms of the parameters by
ρY±± =
1
3
± 2
3
〈cosω〉A+ 1
12
〈 3 cos2 ω − 1 〉 η (B.11)
⇒ 1
3
+
1
12
〈3 cos2 ω − 1〉)± 2
3
〈cosω〉A for η = 1 , (B.12)
ρY00 =
1
3
− 1
6
〈 3 cos2 ω − 1 〉 η (B.13)
⇒ 1
3
− 1
6
〈 3 cos2 ω − 1 〉) for η = 1 . (B.14)
Furthermore for the two-photon modes such as H → γγ and π0 → γγ, the longitudinal diagonal element
ρY00 cannot exist as indicated by η = 1 as well as ω = 0 for massless particles.
B.5 1/2 → 1/2 + 0
This category contains the hyperon decays, Λ→ pπ− and Λ→ nπ0, in the SM and the decay of the second
lightest neutralino, χ˜02 → tt˜∗1 in the MSSM, if kinematically allowed.
The helicity amplitude of this decay mode in the rest frame of X2 is of the form
Dσ2σ = F 1/2σ d1/2σ2σ(θ) , (B.15)
with the X2 and Y helicities, σ2 = ±1/2 = ± and σ = ±1/2 = ±, and the WDFs in the LAB, where the
parent particle X2 move with speed β2, read
D′σ′λ′(ω, θ) =
∑
σ′
2
∑
σ,λ
[ d
1/2
σ′σ(ω)d
1/2
λ′λ(ω)] [d
1/2
σ′
2
σ(θ)d
1/2
σ′
2
λ(θ)]F
1/2
σ F
1/2∗
λ . (B.16)
For notational convenience, we introduce a parity-odd polarization parameter A and a parity-even polariza-
tion parameter η as
A =
|F 1/2+ |2 − |F 1/2− |2
|F 1/2+ |2 + |F 1/2− |2
, (B.17)
η =
2Re(F
1/2
+ F
1/2∗
− )
|F 1/2+ |2 + |F 1/2− |2
. (B.18)
In terms of the parameters A and η can we derive two diagonal elements and thus the degree of longitudinal
polarization PL in the LAB as
ρY±± =
1
2
[
1± (〈cosω〉A+ 〈cosω cos θ〉PX2 + 〈sinω sin θ〉PX2η) ] , (B.19)
PL = 〈cosω〉A+ 〈cosω cos θ〉PX2 + 〈sinω sin θ〉PX2η . (B.20)
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Another interesting example of this category is the decay T → tH of a new heavy top quark T into a top
quark t and a Higgs boson H in the little Higgs models.
B.6 1/2 → 1/2 + 1
An interesting example of this category is the decay T → tZ of a new heavy top quark T into a Z boson
and a top quark t in the littlest Higgs model, one of the popular models beyond the SM.
The helicity amplitude of this decay mode in the X2RF is of the form
Dσ2;σ,σ1 = F
1/2
σσ1 d
1/2
σ2,σ−σ1(θ) , (B.21)
with the X2, X1 and Y helicities, σ2 = ±1/2 = ±, σ1 = ±1, 0, and σ = ±1/2 = ±, and the WDFs in the
LAB, where the parent particle X2 move with speed β2, read
D′σ′λ′(ω, θ) =
∑
σ′
2
∑
σ,λ
∑
σ1
[ d
1/2
σ′σ(ω)d
1/2
λ′λ(ω)] [d
1/2
σ′
2
,σ−σ1(θ) d
1/2
σ′
2
,λ−σ1(θ)]F
1/2
σσ1F
1/2∗
λσ1
. (B.22)
For notational convenience, we introduce a parity-odd polarization parameter PR and two parity-even po-
larization parameters, η1R and η2R, as
A =
|F 1/2++ |2 + |F 1/2+0 |2 − |F 1/2−− |2 − |F 1/2−0 |2
|F 1/2++ |2 + |F 1/2+0 |2 + |F 1/2−− |2 + |F 1/2−0 |2
, (B.23)
η1 =
|F 1/2++ |2 − |F 1/2+0 |2 + |F 1/2−− |2 − |F 1/2−0 |2
|F 1/2++ |2 + |F 1/2+0 |2 + |F 1/2−− |2 + |F 1/2−0 |2
, (B.24)
η2 =
2Re(F
1/2
+0 F
1/2∗
−0 )
|F 1/2++ |2 + |F 1/2+0 |2 + |F 1/2−− |2 + |F 1/2−0 |2
. (B.25)
In terms of the polarization parameters, A and η1,2 we can derive two diagonal elements and thus the degree
of longitudinal polarization PL in the LAB as
ρY±± =
1
2
[
1± (〈cosω〉A− 〈cosω cos θ〉PX2η1 + 〈sinω sin θ〉PX2η2)
]
, (B.26)
PL = 〈cosω〉A− 〈cosω cos θ〉PX2η1 + 〈sinω sin θ〉PX2η2 . (B.27)
The two-body decay T → tZ of a new heavy top quark T into a top quark t and a Z in the little Higgs
model is studied in detail as a characteristic example of this category in Subsection 5.3.
B.7 1/2 → 1 + 1/2
This category contains several SM examples such as t → W+b, τ− → ρ−ντ , and τ− → a−ντ as well as the
loop-induced flavor-changing processes such as t→ Zc.
In the X2 rest frame, the helicity amplitude can be cast into the form:
Dσ2;σ,σ1 = F
1/2
σσ1 d
1/2
σ2,σ−σ1(θ) e
iσ2φ , (B.28)
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where the X2 helicity σ2 = ±1/2 = ±, the Y helicity σ = ±1, 0 = ±, 0 and the X1 helicity σ1 = ±1/2 = ±.
Note that the amplitudes F
1/2
+− and F
1/2
−+ are forbidden due to angular momentum conservation.
For notational convenience, let us introduce three parity-odd polarization parameters defined as
A1 =
|F 1/2++ |2 − |F 1/2−− |2
|F 1/2++ |2 + |F 1/2−− |2 + |F 1/20+ |2 + |F 1/20− |2
, (B.29)
A2 =
2Re(F
1/2
++F
1/2∗
0+ − F 1/2−−F 1/2∗0− )
|F 1/2++ |2 + |F 1/2−− |2 + |F 1/20+ |2 + |F 1/20− |2
, (B.30)
A3 =
|F 1/2++ |2 − |F 1/2−− |2 + 2|F 1/20+ |2 − 2|F 1/20− |2
|F 1/2++ |2 + |F 1/2−− |2 + |F 1/20+ |2 + |F 1/20− |2
, (B.31)
and two parity-even polarization parameters
η1 =
|F 1/2++ |2 + |F 1/2−− |2 − 2|F 1/20+ |2 − 2|F 1/20− |2
|F 1/2++ |2 + |F 1/2−− |2 + |F 1/20+ |2 + |F 1/20− |2
, (B.32)
η2 =
2Re(F
1/2
++F
1/2∗
0+ + F
1/2
−−F
1/2∗
0− )
|F 1/2++ |2 + |F 1/2−− |2 + |F 1/20+ |2 + |F 1/20− |2
. (B.33)
Three diagonal elements of the 3× 3 density matrix ρY averaged over the polar-angle distribution dΓ/dθ are
given in terms of the five polarization parameters by
ρY±± =
1
3
± 1
2
〈cosω〉A1 + 1
12
〈3 cos2 ω − 1〉η1
+
1
2
√
2
〈cosω sinω sin θ〉PX2A2 + 1
12
〈(3 cos2 ω − 1) cos θ〉PX2A3
±1
6
〈cosω cos θ〉PX2(2 + η1)± 1
2
√
2
〈sinω sin θ〉PX2η2 , (B.34)
ρY00 =
1
3
− 1
6
〈3 cos2 ω − 1〉η1
− 1√
2
〈cosω sinω sin θ〉PX2A2 − 1
6
〈(3 cos2 ω − 1) cos θ〉PX2A3 , (B.35)
satisfying the normalization condition Tr(ρY ) = ρY++ + ρ
Y
00 + ρ
Y
−− = 1.
B.8 1 → 1/2 + 1/2
This decay category contains the SM processes such as the parity-violating weak decays of the massive weak
bosons, W+ → τ+ντ and Z → τ−τ+.
In the X2 rest frame, the helicity amplitude of this type of decay modes can be cast into the form:
Dσ2;σ,σ1 = F
1
σσ1d
1
σ2,σ−σ1(θ)e
iσ2φ , (B.36)
where the X2 helicity σ2 = ±1, 0 = ±, 0, the Y helicity σ = ±1/2 = ± and the X1 helicity σ1 = ±1/2 = ±.
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For notational convenience, let us introduce three parity-odd polarization parameters defined as
A1 =
|F 1++|2 − |F 1−−|2 + |F 1+−|2 − |F 1−+|2
|F 1++|2 + |F 1−−|2 + |F 1+−|2 + |F 1−+|2
, (B.37)
A2 =
2Re(F 1++F
1∗
−+ − F 1−−F 1∗+−)
|F 1++|2 + |F 1−−|2 + |F 1+−|2 + |F 1−+|2
, (B.38)
A3 =
|F 1+−|2 − |F 1−+|2 − 2|F 1++|2 + 2|F 1−−|2
|F 1++|2 + |F 1−−|2 + |F 1+−|2 + |F 1−+|2
, (B.39)
and two parity-even polarization parameters
η1 =
|F 1+−|2 + |F 1−+|2
|F 1++|2 + |F 1−−|2 + |F 1+−|2 + |F 1−+|2
, (B.40)
η2 =
2Re(F 1++F
1∗
−+ + F
1
−−F
1∗
+−)
|F 1++|2 + |F 1−−|2 + |F 1+−|2 + |F 1−+|2
. (B.41)
Two diagonal elements of the 2× 2 density matrix ρY averaged over the polar-angle distribution dΓ/dθ are
given in terms of the five polarization parameters by
ρY±± =
1
2
± 1
2
〈cosω〉A1 ± 1
8
〈cosω(3 cos2 θ − 1)〉QX2A3
±3
4
〈cosω cos θ〉PX2η1 ± 3
4
√
2
〈sinω sin θ〉PX2η2
∓ 3
4
√
2
〈sinω cos θ sin θ〉QX2A2 , (B.42)
with the longitudinal polarization PX2 = ρX2++ − ρX2−− and the (diagonal) tensor polarization QX2 = ρX2++ +
ρX2−− − 2ρX200 of the decaying particle X2, satisfying the normalization condition Tr(ρY ) = ρY++ + ρY−− = 1.
B.9 1 → 1 + 0
The process Z →W±π∓ in the SM might be an interesting example of this decay category, which is yet to
be confirmed experimentally. A non-standard example is the decay of a heavy vector boson W±H into a SM
gauge boson and a SM Higgs boson such as W±H →W±H , appearing in the little Higgs models [85].
In the X2 rest frame, the helicity amplitude of this type of decay modes can be cast into the form:
Dσ2;σ = F
1
σσ1d
1
σ2,σ(θ) e
iσ2φ , (B.43)
where the X2 helicity σ2 = ±1, 0 = ±, 0, the Y helicity σ = ±1, 0 = ±, 0 while the X1 particle is spinless.
For notational convenience, let us introduce two parity-odd polarization parameters defined as
A1 =
|F 1+|2 − |F 1−|2
|F 1+|2 + |F 10 |2 + |F 1−|2
, (B.44)
A2 =
2Re(F 1+F
1∗
0 − F 1−F 1∗0 )
|F 1+|2 + |F 10 |2 + |F 1−|2
, (B.45)
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and three parity-even polarization parameters
η1 =
|F 1+|2 − 2|F 10 |2 + |F 1−|2
|F 1+|2 + |F 10 |2 + |F 1−|2
, (B.46)
η2 =
2Re(F 1+F
1∗
0 + F
1
−F
1∗
0 )
|F 1+|2 + |F 10 |2 + |F 1−|2
, (B.47)
η3 =
2Re(F 1+F
1∗
− )
|F 1+|2 + |F 10 |2 + |F 1−|2
. (B.48)
The longitudinal (00) element of the 3 × 3 density matrix ρY averaged over the polar-angle distribution is
given in terms of the five polarization parameters by
ρY00 =
1
3
− 1
6
QX2η3 − 1
12
〈3 cos2 ω − 1〉(2η1 −QX2η3)
− 1
24
〈(3 cos2 ω − 1)(3 cos2 θ − 1) 〉QX2(2− η1 + η3)
−3
4
〈cosω sinω cos θ sin θ〉QX2η2
−1
4
〈(3 cos2 ω − 1) cos θ〉PX2A1 − 3
4
〈cosω sinω sin θ〉PX2A2 , (B.49)
and two transverse elements of the density matrix by
ρY±± =
1
2
(ρYT ± ρ′YT ) , (B.50)
with the sum and difference, ρY and ρ′YT , defined as
ρYT =
2
3
+
1
6
QX2η3 +
1
12
〈3 cos2 ω − 1〉(2ηR −QX2η3)
+
1
24
〈(3 cos2 ω − 1)(3 cos2 θ − 1)〉QX2(2− η1 + η3)
+
3
4
〈cosω sinω cos θ sin θ〉QX2η2
+
1
4
〈(3 cos2 ω − 1) cos θ〉PX2A1 + 3
4
〈cosω sinω sin θ〉PX2A2 , (B.51)
ρ′YT = 〈cosω〉A1 +
1
2
〈cosω cos θ〉PX2(2 + η1)
+
3
4
〈sinω sin θ〉PX2η2
+
1
4
〈cosω(3 cos2 θ − 1)〉QX2A1 + 3
4
〈sinω cos θ sin θ〉QX2A2 , (B.52)
with the longitudinal polarization PX2 = ρX2++ − ρX2−− and the (diagonal) tensor polarization QX2 = ρX2++ −
2ρX200 + ρ
X2
−− of the decaying particle X2, satisfying the normalization condition Tr(ρ
Y ) = ρYT + ρ
Y
00 = 1.
B.10 1 → 1 + 1
The process Z → W±ρ∓ might be a example of this decay category, which is yet to be confirmed experi-
mentally. A non-standard example is the decay of a heavy vector boson W±H into two SM gauge bosons such
as W±H →W±Z, appearing in the little Higgs models [85]
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In the X2 rest frame, the helicity amplitude of this type of decay modes can be cast into the form:
Dσ2;σ,σ1 = F
1
σσ1d
1
σ2,σ−σ1(θ) e
iσ2φ , (B.53)
where the X2 helicity σ2 = ±1, 0 = ±, 0, the Y helicity σ = ±1, 0 = ±, 0 while the X1 particle is spinless.
For notational convenience, we introduce the full sum of absolute squares of reduces helicity amplitudes
Σ111
Σ111 = |F 1++|2 + |F 110|2 + |F 101|2 + |F 100|2 + |F 10−|2 + |F 1−0|2 + |F 1−−|2 , (B.54)
as well as five parity-odd polarization parameters defined as
A1 =
|F 1+0|2 − |F 1−0|2 + 2|F 10+|2 − 2|F 10−|2
Σ111
, (B.55)
A2 =
|F 1++|2 − |F 1−−|2 + |F 1+0|2 − |F 1−0|2
Σ111
, (B.56)
A3 =
2|F 1++|2 − 2|F 1−−|2 − |F 1+0|2 + |F 1−0|2
Σ111
, (B.57)
A4 =
2Re(F 1++F
1∗
0+ − F 1−−F 1∗0− + F 1+0F 1∗00 − F 1−0F 1∗00 )
Σ111
, (B.58)
A5 =
2Re(F 1++F
1∗
0+ − F 1−−F 1∗0− − F 1+0F 1∗00 + F 1−0F 1∗00 )
Σ111
, (B.59)
and six parity-even polarization parameters
η1 =
|F 1++|2 + |F 1−−|2 + |F 1+0|2 + |F 1−0|2 − 2|F 10+|2 − 2|F 100|2 − 2|F 10−|2
Σ111
, (B.60)
η2 =
|F 1+0|2 − 2|F 100|2 + 2|F 1−0|2
Σ111
, (B.61)
η3 =
|F 1++|2 + |F 10+|2 + |F 10−|2 + |F 1−−|2
Σ111
, (B.62)
η4 =
2Re(F 1++F
1∗
0+ + F
1
−−F
1∗
0− − F 1+0F 1∗00 − F 1−0F 1∗00 )
Σ111
, (B.63)
η5 =
2Re(F 1++F
1∗
0+ + F
1
−−F
1∗
0− + F
1
+0F
1∗
00 + F
1
−0F
1∗
00 )
Σ111
, (B.64)
η6 =
2Re(F 1+0F
1∗
−0
Σ111
. (B.65)
The longitudinal (00) element of the 3 × 3 density matrix ρY averaged over the polar-angle distribution is
given in terms of the six polarization parameters by
ρY00 = ρ
Y
L =
1
3
− 1
6
QX2η6 − 1
12
〈3 cos2 ω − 1〉(2η1 −QX2η6)− 1
4
〈(3 cos2 ω − 1) cos θ〉PX2A1
−3
4
〈sinω cosω sin θ〉PX2A4 + 1
24
〈(3 cos2 ω − 1)(3 cos2 θ − 1)〉QX2(4η3 − 2 + η2 − η6)
+
3
4
〈cosω sinω cos θ sin θ〉QX2η4 , (B.66)
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and two transverse elements of the density matrix by
ρY±± =
1
2
(ρYT ± ρ′YT ) , (B.67)
with the sum ρY and the difference ρ′YT defined as
ρYT =
2
3
+
1
6
QX2η6 +
1
12
〈3 cos2 ω − 1〉(2η1 −QX2η6)− 1
4
〈(3 cos2 ω − 1) cos θ〉PX2A1
+
3
4
〈sinω cosω sin θ〉PX2A4 − 1
24
〈(3 cos2 ω − 1)(3 cos2 θ − 1)〉QX2(4η3 − 2 + η2 − η6)
−3
4
〈cosω sinω cos θ sin θ〉QX2η4 , (B.68)
ρ′YT = 〈cosω〉A2 +
1
2
〈cosω cos θ〉PX2(2 + η2 − 2η3) + 3
4
〈sinω sin θ〉PX2η5
−1
4
〈cosω(3 cos2 θ − 1)〉QX2A3 − 3
4
〈sinω cos θ sin θ〉QX2A5 , (B.69)
with the longitudinal polarization PX2 = ρX2++ − ρX2−− and the (diagonal) tensor polarization QX2 = ρX2++ −
2ρX200 + ρ
X2
−− of the decaying particle X2, satisfying the normalization condition Tr(ρ
Y ) = ρYT + ρ
Y
00 = 1.
C Polarization estimator functions
In this appendix, we exhibit all the essential functions defining the averages of the polar-angle correlations
over the polar angle θ of the products, which consist of trigonometric functions of ω and θ explicitly in terms
of β2 and β. We call them polarization estimator functions, reflecting the naming polarization estimators in
Refs. [39, 40].
For notational convenience and for the sake of discussion let us introduce the following combinations of
two speed parameters β2 and β as
7
β+ =
1
2
(β2 + β + |β2 − β|) = max(β2, β) , (C.70)
β− =
1
2
(β2 + β − |β2 − β|) = min(β2, β) , (C.71)
and three auxiliary functions of β2 and β defined by
L1(β2, β) = 1
β2β2
β− − (1− β
2)
2β2β2
ln
(
1 + β−
1− β−
)
, (C.72)
and
L2(β2, β) =


1
β2β
ln
∣∣∣β2+ββ2−β
∣∣∣− γ2γ (2−β22−β2)2β2β ln
∣∣∣γ2β2+γβγ2β2−γβ
∣∣∣ for β2 6= β ,
− 1β2 ln(1− β2) for β2 = β ,
(C.73)
L3(β2, β) =


(4−β22−β2)
2β2β
ln
∣∣∣β2+ββ2−β
∣∣∣− γ2γ (4−3β22−3β2+2β22β2)2β2β ln
∣∣∣γ2β2+γβγ2β2−γβ
∣∣∣ for β2 6= β ,
− (2−β2)β2 ln(1− β2) for β2 = β ,
(C.74)
7It is interesting to note that the n-th power of β± is simply βn± =
1
2
(βn2 + β
n ± |βn2 − β
n|) for an arbitrary integer n.
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Polarization estimator functions β2 → 1 β2 = 0 or β = 1
〈cosω〉 L1(1, β) 1
〈cosω cos θ〉 1− L1(β, β) 0
〈cosω cos2 θ〉 1β [L1(β, β) − 2/3] 13
〈sinω sin θ〉
√
1− β2 L1(β, β) 0
〈sinω cos θ sin θ〉
√
1−β2
β [2/3− L1(β, β)] 0
〈cos2 ω〉 2L1(β, β)− 1 1
〈cos2 ω cos θ〉 1β
[
2− (3− β2)L1(β, β)
]
0
〈cos2 ω cos2 θ〉 1β2
[
β2 − 8/3 + 2(2− β2)L1(β, β)
]
1
3
〈cosω sinω sin θ〉
√
1−β2
β [3L1(β, β) − 2] 0
〈cosω sinω cos θ sin θ〉
√
1−β2
β2
[
8/3− (4 − β2)L1(β, β)
]
0
Table 3: Asymptotic expressions of ten polarization estimators to be valid when β2 → 1, i.e. the decaying
particle X2 is highly relativistic and so greatly energetic. In addition, the last column shows the trivial values
for β2 = 0 or β = 1 for which no Wick helicity rotation is developed.
with the X2 and Y boost factors γ2 = 1/
√
1− β22 and γ = 1/
√
1− β2. Folding these functions with proper
ratios of polynomial functions enable us to express all the polarization estimator functions in terms of β2
and β.
In order to avoid the apparently-looking singular structure in L2,3(β2, β) with β2 = β in Eqs. (C.74) and
(C.74), it is worthwhile to reexpress the functions in a good singular-free form as
L2(β2, β) = L+(β2, β)− L−(β2, β) , (C.75)
L3(β2, β) = 1
γ2γ
[(γ2γ + 1)L+(β2, β)− (γ2γ − 1)L−(β2, β)] , (C.76)
in terms of the following two logarithmic functions:
L±(β2, β) = (γ2 ± γ)
2
4γ2β2γβ
ln
(
γ2γ + γ2β2γβ ± 1
γ2γ − γ2β2γβ ± 1
)
. (C.77)
For β2 = β, we have a compact expression of L+(β, β) = − ln(1 − β2)/β2 and L−(β, β) = 0 with the limit
L+(0, 0) = 1, free from any apparent singularities.
As noted before, no Wick helicity rotation is developed when β2 = 0 or β = 1, i.e. ω = 0, leading to
trivial values of the polarization estimators.8 In contrast, the polarization estimator functions have their
non-trivial limits as β2 → 1.
8It is unnecessary to consider the limit of β = 0 as the process X2 → Y X1 will not occur due to the vanishing phase space
for the production of Y and X1 at rest.
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It is a trivial observation that there is no Wick helicity rotation, if the particle Y is spinless, i.e. j = 0.
On the other hand, if the decaying particle X2 is spinless with j2 = 0, only two polarization estimators
〈cosω〉 and 〈cos2 ω〉 appear in the decay X2 → Y X1 for j = 1/2 and j = 1, as the decay angular distribution
in the X2 rest frame is isotropic, i.e. a constant. The former estimator function 〈cosω〉 is involved in the
final-state mode ‖ 12 12‖ and/or mode ‖11‖, if parity is violated in the decay, and the latter estimator function
〈cos2 ω〉 appears in the final-state modes ‖10‖ and ‖11‖ with a spin-1 Y . Explicitly, they can be written in
terms of the functions L1,2,3 as
〈cosω〉 = L1(β2, β) , (C.78)
〈cos2 ω〉 = 1
β2
[
1− (1− β2)L2(β2, β)
]
, (C.79)
where β2 and β are the speeds of X2 in the LAB and Y in the X2 rest frame, respectively. Their asymptotic
expressions in the limit β2 → 1 are listed in the second and third rows of Table 3.
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Figure 8: The β dependence of ten polarization estimators for fixed β2 = 0.5 (left) and as β2 → 1.0 (right).
Note that there exists a rather abrupt slope change near β = β2 as indicated clearly by the lines on the left
panel.
If the particle X2 of non-zero spin carries non-zero polarization in a production process of X2 production,
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Figure 9: The β2 dependence of ten polarization estimators for β = 0.5 (left) and β = 1.0 (right). As
mentioned in the main text, there is no Wick helicity rotation for β = 1.0 with a massless Y , reflected clearly
by the fact that all the polarization estimators are constant in β2.
non-trivial Wick helicity rotation effects are developed for a non-zero spin j of the particle Y . Besides two
estimators 〈cosω〉 and 〈cos2 ω〉, there are eight additional non-trivial polarization estimators, involving the
sines and cosines of not only ω but also of θ explicitly. The non-trivial functions in β2 and β can be classified
into, firstly, two cosω-involved functions
〈cosω cos θ〉 = 1
2β2β
[
1
β
β+ − (β
2
2 − 2β2)
β2β2
β− − (3− β22)L1(β2, β)
]
, (C.80)
〈cosω cos2 θ〉 = − 1
2β22β
2
[
(5− 3β2)
3β
β+ − (5β
2
2 − 10β2 + 3β22β2)
3β2β2
β−
−(5− 3β22 − β2 + β22β2)L1(β2, β)
]
, (C.81)
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secondly, two sinω–involved functions expressed in terms of the logarithmic function L1(β2, β) as
(C.82)
〈sinω sin θ〉 = − γ
2β2β
[
(1 − β2)
β
β+ − (β
2
2 − 2β2 + β22β2)
β2β2
β−
−(3− β22 − β2 − β22β2)L1(β2, β)
]
, (C.83)
〈sinω cos θ sin θ〉 = γ
2β22β
2
[
5(1− β2)
3β
β+ − (5β
2
2 − 10β2 + β22β2 + 4β4)
3β2β2
β−
−(5− 3β22 − 3β2 + β22β2)L1(β2, β)
]
, (C.84)
thirdly, two cos2 ω–involved functions expressed in terms of two logarithmic functions L2,3(β2, β) as
〈cos2 ω cos θ〉 = − (1− β
2)
β2β3
[2− L3(β2, β)] , (C.85)
〈cos2 ω cos2 θ〉 = 1
3β2
+
1
β22γ
2β4
[
4− β22 − β2 + (β22 + β2 − β22β2)L2(β2, β)− 2L3(β2, β)
]
, (C.86)
and finally two (cosω sinω)–involved functions expressed in terms of the logarithmic functions L2,3(β2, β) as
〈cosω sinω sin θ〉 = 1
β2γβ3
[
2− β2 + β2 L2(β2, β)− L3(β2, β)
]
, (C.87)
〈cosω sinω cos θ sin θ〉 = − 1
β22γβ
4
[
4− β22 − 3β2 +
1
3
β22β
2
+(β22 + β
2 − β22β2)L2(β2, β)− (2− β2)L3(β2, β)
]
, (C.88)
where β2 and β are the X2 speed in the LAB and the Y speed in the X2 rest frame and γ2 = 1/
√
1− β2
and γ = 1/
√
1− β2, respectively.
The asymptotic expressions of the polarization estimator functions when β2 → 1, i.e. the particle X2 is
highly relativistic are listed in the second column of Table 3. In addition, for the sake of reference, we list
the values for β2 = 0 and/or β = 1 in the third column of the table that are trivially constant because of no
Wick helicity rotation in those limits.
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